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Polynomial dynamics

f (z) = adzd + . . . + a0 ∈ Pd Md = Pd/conj.

d ! 1 critical pts. ci

X (f ) = { z : f n (z) ! " }

Either (f, X (f )) ! (wd, {| w| > 1} ) or
π1(X (f )) uncountably generated



Shift locus

Study connectedness locus via shift locus: rays 
(Dujardin/Favre Amer. J. Math. Õ08)

Monodromy as complicated as possible
(Blanchard/Devaney/Keen Invent. Ô91)

Topological conjugacy classes still unclassiÞed, 
even generically.   Invariants???

SM d = { f : ci ! X (f ), i = 1 . . . d " 1}

f ∈ SM d ⇐⇒ (f, C \ X (f )) $ (! , { 1, . . . , d− 1} N)



Height function

Gf (z) = lim
1
n

log+ |f n (z)|

¥Continuous, subharmonic on
¥harmonic on 
¥vanishes on 
¥pluriharmonic on  

C
X(f )

C \ X (f )
{ (f, z ) : z ! X (f )}



Geometric invariants: translation structure 

! f = 2 i " Gf

(X (f ), ! f ) is a translation surface,

ωf (z) = 0 !" # i, f n (z) = ci

f is scale by d

Bd = ( { (f, X (f ), ! f )} , Gromov-Hausdor! topology)



Thm. [DP] The map Md ! Bd is
continuous, proper, monotone, and
a homeomorphism on the shift locus.

So to study shift locus, look at the space  SBd

Advantage: its objects are Euclidean.



Critical heights map

Hd = {h1 ! . . . hd! 1 ! 0} " Rd! 1

SHd = { h1 ! . . . hd! 1 > 0} " Rd! 1

G : M d ! H d

f !" (Gf (c1) # . . . # Gf (cd! 1))



Geometric invariants: trees
Td = ( { (f, T (f ), df )} , Gromov-Hausdor! topology)

DeMarco-McMullen, Ann. Sci. Ec. Norm. Sup. Ô08

The heights map factors SBd → ST d → SHd



StratiÞcation

                         are stratiÞed according to the 
number of independent heights.

hi , hj independent if hj != dn hi , any n " Z

ÒGenericÓ =             independent positive heights.d ! 1

SBd, ST d, SHd



TeichmŸller ßow = 
Branner-Hubbard wring motion

Branner & Hubbard, Acta. Õ88, Ô92

!
1 t
0 s

"

t = 0 is stretching; s = 0 is twisting

Lemma: Wringing is continuous on Bd.
Stretching is Þxed-point free onSBd.
G(s.f ) = s á G(f ) G(t.f ) = G(f )



Equivariance

Quotients by stretching action = ÒprojectivizationsÓ
Quotients identiÞed with locus of max. height = 1

PSBd ! PST d ! PSHd

Heights map descends

These maps respect the stratiÞcations.



Simplicial structure

PSH4

PSH4 = {1 ! h2 ! h3 > 0}

h2

h3
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Thm. [DM] The spacePST d is a contractible
simplicial complex; the heights map is simplicial.



Monotone-light factorizations

A proper closed map between Hausdorff spaces 
factors uniquely as a composition of a monotone map 
and a light map.

ÒcollapseÓ ÒfoldÓ



We get:

(f, X (f ), ! f ) !" ???!" (F, T (f ), dF ) !" G(f )

PSBd ! ???! PST d ! PSHd

basin
dynamics

! ??? !
tree
dynamics ! heights

monotone light light



PSBd
mon!" ???!"#$

PST !
d

light
!" PST d

light
!" PSHd

PST !
dThe space          is metrizable and is the 

quotient of          by the components of the 
Þbers of the heights map.  

PSBd

Its objects are trees ÒdecoratedÓ with a 
Þnite (though unbounded) extra amount of 
information.



Thm. [DP] The space PST !
d is a contractible

simplicial complex.

The set of top-dimensional simplices are in
1:1 correspondence with global generic
topological conjugacy classes.
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