THE RESISTIVE STATE IN A SUPERCONDUCTING WIRE:
BIFURCATION FROM THE NORMAL STATE
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ABSTRACT. We study formally and rigorously the bifurcation to steady and time-periodic
states in a model for a thin superconducting wire in the presence of an imposed current.
Exploiting the PT-symmetry of the equations at both the linearized and nonlinear levels, and
taking advantage of the collision of real eigenvalues leading to complex spectrum, we obtain
explicit asymptotic formulas for the stationary solutions, for the amplitude and period of the
bifurcating periodic solutions and for the location of their zeros or “phase slip centers” as
they are known in the physics literature. In so doing, we construct a center manifold for the

flow and give a complete description of the associated finite-dimensional dynamics.

1. INTRODUCTION

One of the natural applications of superconducting materials is to exploit their infinite
conductivity to transmit electric currents. The goal of this paper is to analyze a number of
asymptotic problems that arise in the study of such current transmission through a wire. We
consider a simple canonical problem, in which the superconducting portion of the wire is of
a finite extent —L < x < L. It is assumed that a normal current [ is fed into the the wire
at its left end. It is known that under the right circumstances, for example for a temperature
T that is sufficiently small, the current in the wire itself will be in part normal and in part
superconducting. This coexistence of two types of currents in the wire is called a resistive
state.

The resistive state in superconducting wires received some attention by physicists who ob-
served a variety of phenomena that are unique to this situation. To review these observations,
which involve oscillatory, that is to say, inherently time-varying behavior, it is standard prac-
tice to use the time-dependent Ginzburg-Landau model (TDGL). For a three-dimensional wire
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occupying say a thin cylindrical region D with axis of length 2L centered on the x-axis, this

system can be written in non-dimensional form as

(1.1) b+ igyp = (V =i A + (T — [¢*) for (,y, 2) € D,
(12) VxVxA= _U(At + v¢) + % (¢¢; - ¢x¢*) - |¢|2A for ([L‘,y,Z) € D,

(cf. [17]) where ¢ : D — C is the Ginzburg-Landau parameter whose square modulus measures
the density of superconducting electrons, A : R? — R3 is the magnetic potential whose curl
measures the effective magnetic field and ¢ : R® — R is the scalar electric potential whose
gradient represents the electric field. The parameter I' is proportional to 7. — T, where T is
the actual temperature, and 7T, is the phase transition temperature in the absence of external
currents (i.e. in the case I = 0). In (1.2), x denotes complex conjugation and the right-
hand side represents the sum of normal current (with associated ohmic conductivity o) and

supercurrent. We note that the TDGL is invariant under the gauge transformation
(¥, ¢, A) — (Ve ¢ — g,, A+ Vyg) for any smooth scalar function g = g(z,y, z,t).

To pursue an appropriate three-dimensional analysis of the problem of forcing an applied
current into a wire, one would then have to impose inhomogeneous boundary conditions on the
normal component of the normal current and couple the system above to a Maxwell system
on the exterior of D. This is not the direction we will follow; instead we adopt the model
favored for many years in the physics literature on the subject, e.g. [8], and view the wire as
a one-dimensional object. Before leaving the higher dimensional setting we should comment,
however, that an interesting two-dimensional study of the stability of the normal state with
an applied electric current can be found in [1].

In such a one-dimensional model, the exterior problem is typically ignored as a lower-
order effect and so all unknowns are taken simply to be defined along the wire as functions
of z and ¢ only. Furthermore, through the gauge choice g, = —A, one can eliminate the
magnetic potential A completely from the system. Then using the remaining freedom in the

t-dependence of g, one can insist on the convenient normalization

(1.3) #(0,t) =0 forallt > 0.
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Under these assumptions and gauge choice, (1.1) reduces to
(1.4) Yy + i) = gy + T — [Y* for —L<a <L, t>0.

Regarding the fate of the second equation (1.2), note that necessarily the divergence of the
total current, that is, the right-hand side, must vanish. In one dimension, this condition
however implies simply that the total current is a constant. Therefore, since we are specifying
that the current at the endpoints of the wire is purely normal and equal to I, we arrive at the

relation
(1.5) %(W;—wm*)—mx:[ for —L<xz<L, t>0.

Since the natural setup is for the wire to be connected at its endpoints to a metal exhibit-
ing normal conductivity, we supplement the system (1.3)—(1.5) with homogeneous Dirichlet

boundary conditions on the order parameter
(1.6) (&L =0,

along with initial conditions on . The general nature of our results apply also to other
homogeneous boundary conditions, including in particular the case of homogeneous Neumann
boundary conditions.

As long as the temperature is sufficiently high, that is I' is low, the wire is in the normal

state. This means that 1) = 0, and the current in the wire is purely ohmic, i.e.

(1.7) ¢ = —1 /0.

As the temperature T is lowered, one reaches a critical value, determined by a curve I' = I'y (1)
where the normal state loses its stability and a nontrivial superconducting state might emerge.
Two such states were discovered in the early 1980’s. The first one is a stable stationary
solution, reported by Langer and Baratoff [9]. The notion of ‘stationarity’ requires some care
here. Let us express the order parameter in polar form 1) = fe'X; then the gauge invariant
quantities f(x,t), q(z,t) := xo(z,t) and 0(z,t) := xi(x,t) — ¢(x,t) converge to stationary
functions fy(z), qo(x), Oo(z). On the other hand, Langer and Ambegaokar ([11] (see also Ivlev

and Kopnin [8]) found in their numerical simulations that for some values of the parameters
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(1,T), the normal state bifurcates into a state where the order parameter oscillates in time.
This periodic behavior is particularly interesting in light of the dissipative nature of the TDGL
model (1.4), but it is made possible by the presence of the applied current which effectively
disrupts the gradient-flow structure of the system.

For the duration of this investigation, we fix L = 1 so that the wire occupies the interval
[—1,1]. We also set the conductivity o = 1 in order to focus on the different kinds of states
that emerge at different points in the (/,T") plane.

In a recent work [13] the authors used numerical simulations and some analytical arguments
to identify a more elaborate phase transition picture. In particular the curve I'y(I) was shown
to be associated with an interesting spectral problem. It was also shown that there exist two
critical currents I and I.. that play an important role in the system behavior. The curve I'y (1)
is depicted in Figure 1. Specifically, the normal state (N) is only stable for I' < I';(I). When
the temperature is decreased and I" increases past I'1(7), the (N) state become unstable. If
I < I, = 10.92, then the (N) state bifurcates into a stationary (S) state. On the other hand,
the bifurcation branch to a stationary state is unstable for I, < I < I, whileif I > I. ~ 12.31,
the (N) state bifurcates to a stable time-periodic (P) state.

To understand the phase transitions described above, and in general the solution to equa-

tions (1.4)-(1.5), it is useful to study a number of mathematical problems:
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(1) What is the meaning of the special current value I, where the bifurcating state switches
from a stationary one to a periodic one?

(2) From the viewpoint of self-adjoint operators arising in the time-independent case,
the answer to the first question involves an unusual spectral problem involving the
collision of two eigenvalues. Moreover, near the critical value I.., the spectrum of the
underlying operator changes its nature, from real to complex. Therefore it is desirable
to understand this spectrum near the special value I..

(3) What is the nature of the bifurcating branch near the curve I';(I)? In the language of
dynamical systems, we ask what is the geometry of the center manifold there? This
question, in fact, involves a number of issues. For instance, is the bifurcation branch
stable and what is its shape? In addition, we point out that in the periodic case there
are points in space-time where the order parameter 1) vanishes. Such points are called
phase slip centers (PSC’s) since the phase ‘exploits’ the vanishing of the amplitude to
have a discontinuity there, thus relaxing large accumulated phase. Thus one of the

relevant questions would be to identify these points.

The loss of stability of the normal state is studied through the linearization of equations

(1.3)-(1.6) around the normal state
(1.8) w=0, ¢=—Iu.

It is convenient to express the solution 1 of the linearized equation in the form v (z,t) =

u(z)e""M* then we obtain that u(z) is the solution of the following spectral problem
(1.9) Mu = ugy +ixlu = —Au, u(£l) =0.

Clearly the stability of the normal state is determined by whether I' is larger or smaller than
Re A1 where \; refers to the eigenvalue of the operator M having smallest real part. In the
next section we shall therefore consider this eigenvalue and examine some of its properties for
small I and for large I. The results of this section will help us in identifying the critical value
I.. Then, in Section 3, we will examine in more detail the leading eigenvalue of M for I values
near I.. In Section 4 we construct stationary solutions to (1.4)-(1.6) for I < I, using formal

asymptotic expansions and multiple time-scales. In Section 5, we construct periodic solutions
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using the same methods in the regime [ > I. where the spectrum of M has become complex.
We then make these calculations rigorous in Section 6 by constructing the center manifold for
the solution immediately after bifurcation and studying the O.D.E.’s which govern the flow
on the center manifold.

A novel aspect of the rigorous analysis in Section 6 is that both the linearized and the full
nonlinear system admit what is called PT-symmetry; namely an invariance under the joint
transformation of + — —x and complex conjugation. This type of symmetry has been the
focus of a number of recent investigations (see e.g. [2, 4, 5, 12]). In particular, in the analysis
of periodic bifurcation we make strong use of this symmetry to reduce the dimension of what
turns out to be a four-dimensional phase space to a planar system exhibiting a standard Hopf
bifurcation. Furthermore, we are able to then go further and describe bifurcation for the
full four-dimensional system involving possibly non-PT-symmetric solutions, proving that, at
least in the vicinity of the normal solution 1) = 0 and for values of the bifurcation parameter
that we study, solutions generically converge, up to fixed complex rotation, to the manifold
of solutions exhibiting PT-symmetry, and thereafter to the stable, PT-symmetric periodic
solutions arising through Hopf bifurcation within that manifold. However (Theorem 6.11), we
also exhibit through direct calculation the existence of unstable, non-PT-symmetric periodic
solutions in the same vicinity, i.e., persistent solutions that do not converge to the manifold
of PT-symmetry. This shows that the observed generic convergence to PT-symmetry is the
result of detailed local dynamics on the center manifold about the normal state and not, say, a
global principle associated with a decreasing Lyapunov functional. In particular, there might
exist attracting steady or periodic states far from the normal state that are not PT-symmetric,
an intriguing possibility to keep in mind in further investigations.

Finally, in Section 7, we show that our rigorous construction of periodic solutions leads to
a proof of the appearance of the phase slip centers, that is, periodically appearing zeros of the

order parameter.
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2. THE SPECTRUM OF THE CANONICAL PT-SYMMETRIC PROBLEM FOR SMALL [/ AND

FOR LARGE [

In this section we examine the spectrum of M defined in equation (1.9). The operator
M is not self-adjoint, of course. On the other hand it enjoys a symmetry that is called PT.
The letter P stand for parity, i.e. transforming x — —xz, while the letter T" stands for time
reversal, i.e. complex conjugacy. One readily checks that under this pair of operations, M is
unchanged.

PT-symmetric spectral problems seem to have been little studied until quite recently. In
one of the earliest works on this subject (in a physics context), Bender and Boettcher [2]
considered a canonical PT-symmetric operator on the entire real line and observed through
numerical simulations that the spectrum is real. In the case of a finite interval as in equation
(1.9) above, the situation is more involved. In particular, we will formally demonstrate the
appearance of complex eigenvalues for I large with corresponding eigenfunctions possessing
an internal layer.

We look first in the case of small I. When [ = 0, the spectrum is of course real, and can,

in fact, be written down explicitly
(2.1) Me(I =0) = (nk/2)*, k=1,2,..

The PT-symmetry of M implies that if (A, u(x)) is a spectral pair of eigenvalue and eigen-
function, then (A\*,u*(—z)) is also a spectral pair. Langer and Tretter [12] have shown that,
as long as the eigenvalues of a PT-symmetric problem are simple, the spectrum is a smooth
function of the problem’s parameters. In our case it implies that since the eigenvalues are well-
separated at I = 0, they are smooth functions of I at least for I small. However, this implies
that the eigenvalues must remain real also for I positive (but small), since a real eigenvalue
can become complex only by splitting into a pair of eigenvalues (by the PT-symmetry).

What happens when [ is increased? As long as the eigenvalues do not collide, they remain
real. We now show formally that in fact the eigenvalues must collide for some I and establish
an asymptotic formula for the leading (complex) eigenvalue when [ is large. Precise and

rigorous asymptotics for this spectral problem were carried out by Shkalikov [14]. His work



8 J. RUBINSTEIN, P. STERNBERG AND K. ZUMBRUN

(see also [15]) was performed in the context of the Orr-Somerfeld equation in hydrodynamic
stability theory and makes use of a change of variables leading to an Airy-type equation. We
present the following formal calculation with the hope that it makes the emergence of the
complex spectrum more understandable. Note also that the formal method given here applies
in more general circumstances, whereas the exact solution of [14] is specific to the exact form
of the equations under consideration.

To study the spectrum as I becomes large, it is convenient to introduce a small positive

2

parameter ¢, and then write [ = 7. It is clear that the eigenvalues must also be large to

balance the large ‘potential’ ic~2x. We therefore write to leading order
(2.2) A=} a+if) +o(e7?).

The eigenvalue problem (1.9) can be written to leading order as w,, + £72Qu = 0, where Q :=
x+—ica. Crudely setting ¢ = 0, we obtain a formal eigenvalue problem (ix—(a+i3))y = 0 for
the multiplication operator ix, which evidently has only pure imaginary, essential spectrum.
From this we may conjecture that the spectrum of L becomes complex as [ — oo (¢ — 0);
however, this limit is very singular and must be examined in more detail (indeed, on the whole
line, the spectrum is real for I large [8].)

Consider first the case where the potential Q does not vanish for z in the interval [—1,1].
For example, this would occur if a # 0. If @ # 0 then there is no turning point in a standard
JBKW ! expansion of equation (1.9). Therefore, we seek in this case an asymptotic expansion

of the form
(2.3) u(x) = e¥@/E,
Substituting (2.3) and (2.2) into (1.9) we get to leading order
(2.4) Sy = £i'? (z + B —ia)'/?
IWe use the term JBKW instead of WKB since this expansion method was introduced by Jeffries in

1923, three years before it was rediscovered by Wentzel, Kramers and Brillouin, who are also now ordered

alphabetically.
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Integrating the last equation from —1 to x gives
(2.5) S = i%z‘l/? ((x+ B —ia)’? — (=14 B —ia)*?).
For future reference we introduce the notation
(2.6) S*(1) =ReS +iIm S.
The general solution to the equation (1.9) is (to leading order)
(2.7) u(z) ~ AetST@)/e 4 BeiST@)/e,

Substituting this solution into the boundary conditions at +1, and seeking a pair of nontrivial

coefficients A, B leads to the following complex-valued equation

(2.8) iST()/e _ S~ (1)/e.

In particular the magnitudes of the two sides of equation (2.8) must be the same. Equating

the absolute values, and using the notation (2.6) gives

(29) eImS/E — e*ImS/E.

Therefore, a regular JBKW expansion without a turning point is feasible only if Im S = 0.

Recalling the definition of Im S, the last condition on it implies (for some real number )
(2.10) (148 —ia)*? = (=14 —ia)¥? = yi V2
We now show that equation (2.10) holds for any « if = 0. Setting 5 = 0, we write
(2.11) —1 —ia = pe' T 1 —da = petTH,
Here p = v/1 + a2. Substituting this into (2.10) with # = 0, and defining v = 3u/2 gives
(2.12) P26 = xiY?, G = /2 (cosy +sin7).
This proves the assertion above with

(2.13) X = V2(1 4+ a?)*? (cos y + sin~) .
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It remains to show that there exist values of o for which equation (2.8) is solvable. Since

equation (2.8) holds if and only if Im S = 0 and sin (Re.S) = 0, we obtain the condition
(2.14) Re S = enm,

where n is an integer. The calculation above for x together with equation (2.14) imply

2f

(2.15) (1+a?) i (cosy +siny) = enm.

Consider the left-hand side as a function of « (recall that v also depends on « through the
relation (2.11)). When « tends to oo then v tends to 37/4, and the term cos+y + sin~y on
left-hand side approaches zero. However, the o term on the left hand side grows faster, and
therefore the entire left-hand side goes to co. On the other hand, when o = 0, the left-hand
side becomes 2v/2/3. Therefore, varying a the left-hand side obtains all the values in the
interval (2v/2/3,00). This means that for any fixed e there exist infinitely many n values
for which equation (2.15) has a solution «,. Consequently there are infinitely many real
eigenvalues of order O(e7?).

The JBKW expansion above captured the real eigenvalues. They are all of O(¢~2). However,
this expansion fails when o = 0 and —1 < 3 < 1 since in this case there is a turning point.
We shall now construct a solution for such a case. If we order the eigenvalues by their real
part, the eigenvalues we shall now construct come before those derived above. Typically a
JBKW expansion captures the large eigenvalues and the associated oscillatory behavior of the
eigenfunction. The lower eigenfunctions tend to oscillate less. Since we are now looking into
the possible construction of a complex eigenvalue, we need to recall that they come in pairs
of conjugate numbers. Geometrically it means that we anticipate two eigenfunctions, related
by PT-symmetry, and therefore we anticipate in one case a turning point in [—1,0) and in
another case a turning point in (0, 1], i.e. the turning point is at z = £3. While we seek now
an eigenvalue that to leading order is purely imaginary, we shall be able to obtain also a lower
order correction for it that will have real and imaginary parts. Therefore we assume that the

eigenvalue is of the form

(2.16) A~ie 2By + e (on +if),
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FIGURE 2. The (numerically computed) real part of the leading eigenvalue
(solid line) compared to the the asymptotic expansion (2.22 (dashed line). The
horizontal axis in this figure is the current I, and the vertical axis is the real

component of the eigenvalue.

where the exponent v is still to be determined.

Consider, then, without loss of generality, the case where the turning point is in the interior
of the interval (—1,0), i.e. —1 < By < 0. To leading order the potential is balanced exactly
at the point © = —(;. We therefore expect the eigenfunction to be supported in a small
neighborhood of this point, and to decay away from it. Hence, we construct an internal layer

around this point by defining an inner variable y through
(2.17) z=—F+ely

for some v > 0. Substituting the transformation (2.17) into equation (1.9) we see that in
order to balance the different terms in the equation we must set v = 2/3 and v = 4/3. We

thus obtain on the y scale the balanced equation

While equation (2.18) describes the internal layer form of the eigenfunction wu, the outer

solution is of course u = 0. Therefore, matching the inner and outer solutions implies that we



12 J. RUBINSTEIN, P. STERNBERG AND K. ZUMBRUN

should consider equation (2.18) over the entire real line with the conditions
(2.19) u(y = too) = 0.

The eigenvalue problem (2.18)-(2.19) can be solved explicitly in terms of Bessel (or Hankel)
functions. This was done by Ivlev and Kopnin [8] who concluded that this problem has no
solution with finite Ly norm. This means that our assumption that §; < 1 is not consistent.
In other words, the concentration cannot occur in the interior of [—1, 1]. We therefore consider
now the last remaining case in which $y = 1. The scaling (2.17) of the internal variable y
is the same, except that now it is more appropriate to call it the ‘boundary layer’ variable.
Thus, the boundary layer equation (2.18) is considered over the half line y € [0,00). The

Dirichlet condition and the matching to the outer solution together imply the condition
(2.20) u(0) = u(oc0) = 0.

The half-line eigenvalue problem (2.18), (2.20) was also studied in [8]. In this case the eigen-

function has finite Ly norm. The authors computed the leading eigenvalue to be approximately
(2.21) ay + 16 = 1.17 — 2.024.

Returning to the original notation for the current, we obtain the eigenvalue

(2.22) A~ L1718 4+ (1 —2.021%%)  for 1> 1.

In Figure 2 we depict the asymptotic expansions for the real part of the leading eigenvalue
(dashed line) and the numerically computed real part (solid lines). Similarly, we depict in
Figure 3 the asymptotic imaginary part (dashed line) and the actual imaginary part (solid
line). In both cases the curves are very close to each other (the error is roughly 0.02).

The eigenvalues are arranged by their real part in an ascending order. It is found numerically
that as I increases towards the critical value of I. ~ 2.27 (for L = 1 and Neumann boundary
conditions) and at the critical value I, ~ 12.31 (for L = 1 and Dirichlet boundary conditions),
the first and second eigenvalue collide. These results are consistent with the bounds of ref.
[12]. In the Neumann case their estimate for I below which the entire spectrum is real is

I < 7%/8, while the corresponding Dirichlet estimate is I < 372 /8.
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FIGURE 3. The (numerically computed) imaginary part of the leading eigen-
value (solid line) compared to the asymptotic expansion (2.22 (dashed line).
The horizontal axis in this figure is the current I, and the vertical axis is the

imaginary component of the eigenvalue.

3. EIGENVALUE COLLISION IN PT-SYMMETRIC PROBLEMS

In this section we look in some detail at the collision process of two eigenvalues. Our goal is
to derive an asymptotic expansion for the eigenvalues and eigenfunctions near collision, using
I — I, as our small parameter. The analysis in this section will again be formal.

For this purpose let I be near a critical value I, the first two eigenvalues (ordered by their
real parts) A\; and Ay collide; that is, the eigenvalues are real for I just below /. but coincide
at [ = I.. Let the associated eigenfunctions be u; and wus, respectively. We should note that
the analysis we will present below is valid near the collision of any two eigenvalues but we
focus on the first collision since this is most relevant to the stable bifurcation picture to be
presented subsequently.

It follows from equation (1.9) that they satisfy

(3.1) /_ uy (z)ug(x) de = 0.

1
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We term this property as PT' — orthogonality. It is different, of course, from usual orthog-
onality. As long as the eigenvalues are real, their associated eigenfunctions are (up to a
normalization) PT-symmetric. Therefore PT-orthogonality is the same as orthogonality in
the Krein inner product: [f,g] = [ f(z)g*(—x) dz =0 [12].

Now, as I approaches I., we assume that \; and )\;; approach a common value A(?). At the
same time, u; and wuy also approach a common function that we call u(?). Notice, that this
statement is made after some proper normalization, since the problem is linear. We really
mean that the ratio u; /us approaches a complex constant. To see why, assume to the contrary
that there are two independent eigenfunctions u; and wuy associated with the real eigenvalue
A9 Equation (1.9) is of second order, and therefore its solution space is spanned by two
independent functions. However, u; and us cannot form such a basis, since they both satisfy
homogeneous Dirichlet boundary condition, while clearly there are solutions of (1.9) that do
not satisfy such conditions.

Having established that the collision eigenvalue A(?) has an algebraic multiplicity 2, but a
geometric multiplicity 1 (and thus we can say that the operator M is Jordan at 1..), we proceed
to study what happens when [ increases past I..

We first write the eigenvalue problem for the operator M near I, in the form

(3.2) Uzz + (1. + €a)zu + Au = 0,

where the sign of the parameter a determines if we move up or down from I.. Because of the
singular nature of M at I., it turns out that the perturbation scheme is not analytic. Rather,

we need to expand the eigenfunction u and the eigenvalue A in powers of £!/2:

(3.3) w=u® 4+ e2u® feu® 4 A= XNO L 2D L (D

At the first order we find of course

(3.4) L0 =40 4 izl u® + X0y =0,
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where we used this opportunity to introduce the operator notation £. It is important to note

that the PT-orthogonality noted above implies

(3.5) /_l u®(z)* dz = 0.

1

At the O(g'/?) level we get
(3.6) LoV =) il azu® + X0y = X1y (0,

Multiplying the last equation by u(9), integrating over the interval [—1, 1], and using the PT-
orthogonality (3.5) we see that equation (3.6) is solvable. However, unlike the case of regular
eigenvalue perturbation schemes, we gain no information on A() at this level. We therefore

need to proceed to the O(e) level:
(3.7) Lu® = u? 4+ ilou® + XOy® = 2Oy - Xy O a0,

To get a solvability condition we multiply both sides by u(?), integrate over the interval and

use (3.5) to find

1 1
(3.8) —/\(1)/ uM (2)u? () do = ia/ zu®(z)? dx

1 -1

It is convenient at this point to introduce some notation. First, we set
(3.9) u® = Reu®(z) + ilmu®(z).

Using the PT symmetry of u(®), we choose a normalization in which Reu(?) is even, while

Imu© is odd. Then we define the real parameter a; through

1 1
(3.10) a; = —i/ zu®(z)? dz = 2/ zReu® (z)Imu® (z) dz

1 -1
Next, let K (x) be the solution of the nonhomogeneous ODE

(3.11) LK = Ky +ilaK +\OK =4©,  K(£1)=0.

The identity (3.5) ensures that equation (3.11) is solvable. Using this canonical function K,

we express u(l) as

(3.12) uM (z) = = AWK (z).
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Finally, we define
1
(3.13) b= | K(z)u®(z)dz.
-1
Notice that K is also PT-symmetric, i.e. K(x) = K(—z). In particular Re K is even while

Im K is odd. A numerical integration of K, and a numerical evaluation of the functionals in

(3.10) and (3.13) gives
(3.14) ap ~0.29, b=~ 0.12.

We use the notation above to derive from equation (3.6) the relation
(3.15) A\ = —aa, /b~ —2.42a.

When a < 0, I is just below I. and there are two real solutions. The negative one corresponds
to the first eigenvalue, and the positive one corresponds to the second eigenvalue. On the
other hand, when [ increases past I., i.e. when a > 0, there is a complex pair of conjugate
solutions. This implies that the critical eigenvalue A splits into a complex conjugate pair
with the O(g!/?) correction A" being purely imaginary. We remark that the same analysis
applies to any collision of real eigenvalues. In Figure 4 we compare the asymptotic expansion
(3.3) of the imaginary part of the first eigenvalue (dashed line) with the numerically computed
value (solid line).

To find the next term A in the eigenvalue expansion, we proceed further to the O(g%/2)

level:
(3.16) Lu® = Xy — AWy @ AGyO) gy, M),
Multiply equation (3.16) by u(?) and integrate by parts over [—1,1] to get

1 1 1

(3.17) )\2/ uMu©® dg 4 AW / uPu® dx + ia/ ruMu® dx = 0.
-1 -1 -1

Substituting the relation (3.12) into equation (3.17) and dividing by A(!) gives

1 1
(3.18) —bA® / uPu® dr — z'a/ oK (x)u® dz = 0.

1 1
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FIGURE 4. The (numerically computed) imaginary part of the leading eigen-
value (solid line) compared to the leading order term in the asymptotic expan-
sion (3.3 (dashed line). The horizontal axis in this figure is the current I, and

the vertical axis is the imaginary component of the eigenvalue.

It is useful at this point to introduce additional canonical functions and functionals in the

spirit of K, a; and b defined above. Thus we define two canonical functions ¢ and w through:
(3.19) L=K(z)—0,. ((£1)=0.

Here 6, is a constant chosen such that equation (3.19) is solvable. Namely

(3.20) 0, = x)dz/ / Oz

The next canonical function w(:v) is defined by

(3.21) Lw = —izu® — 6, w(*l) =0,

with

1 1
(3.22) 0y = —i/ zu® (z)? dx// u®
-1 -1

Using ¢, w, and K we can write

(3.23) u®@(z) = A2 (@) + aw(x) + A K (z).
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We further define the functionals
1 1 1
(3.24) dy :/ Cu® dz, dy :/ wu® dz, ds = z/ K (2)u®(z) dz,
-1 -1 -1

A numerical computation gives
(3.25) dy = —0.014, dy = —0.02, d3~ —0.02.

Using these functionals and formula (3.23) for «®® in equation (3.18), and using (3.15) to

eliminate the contribution of the coefficients 6, 65, gives the following expression for As:
(3.26) A = (ady — ady + (A\V)%d,) /2b.

We can conclude now an interesting fact. The eigenvalue A(?) splits into two eigenvalues as
the current is varied away from I.. For [ < I, we obtain a real pair, while for I > I. we obtain
a complex pair. This splitting manifests itself in the two values for A(") obtained from equation
(3.15). We can also see how the single eigenfunction u(%) splits into two eigenfunctions through
equation (3.6). On the other hand, A(!) appears in equation (3.26) only through its square.
Therefore equation (3.26) implies that A?) is unique and real. In particular, if we draw the
real part of the colliding eigenvalues as a function of I near the collision, we obtain that the
function is not analytic at I . In fact d\g/dI blows up as we approach I. from below, due to
the O(/?) contribution to the expansion (3.3) coming from (3.15). Yet due to the fact that
AW is purely imaginary for I just above I, we see that the graph of Re A;(I) (= Re \y(1)) is
differentiable from the right at I = I.. This analytical conclusion is verified in the numerical
solution.

In Figure 5 we compare the asymptotic expansion (3.3) of the real component of the first
eigenvalue (dashed line) with the numerically computed value (solid line). The two lines are

almost indistinguishable, and the error is O(0.001).

4. THE BIFURCATION FROM (N) TO (S)

In the next two sections we study the shape and the stability of the bifurcation branch from

the normal (N) state to either the stationary (S) or periodic (P) state using formal asymptotic
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FIGURE 5. The (numerically computed) real part of the leading eigenvalue
(solid line) compared to the leading order term in the asymptotic expansion
(3.3 (dashed line). The horizontal axis in this figure is the current I, and the

vertical axis is the real component of the eigenvalue.
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expansions and multiple time-scales. Later, in Section 6, we will present a rigorous justification

of these calculations by appealing to center manifold theory.

For this purpose, it is convenient to rewrite the system (1.4)-(1.5) as a single nonlocal

complex equation by first solving for the electric potential ¢ in (1.5), thereby obtaining
(4.1) o=Inty [ =) dr

Then we substitute this into (1.4) to obtain

(4.2) Vi = e + iz + T + N,

where we have introduced notation for the cubic nonlinearity

(1.3 N ==l o+ 50 [ s - ve) do
0

As always, this equation is augmented with Dirichlet boundary conditions at z = +1 and

initial conditions.
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We work in this section with a fixed current [ in the regime I < I. where the leading
eigenvalue \; of the operator M is real (as is the entire spectrum) and we expect a bifurcation
to a stationary state. The transition takes place exactly when I' crosses the value A;. This
defines the curve I' = T'y ({).

We denote the leading eigenfunction by u;, and normalize it as usual by u1(0) = 1. Recall

that u, satisfies the equation
(44) L1u1 = (ul)a:a: + ’LZL’IUl + )\1U1 = 0.

To find the solution to (4.2) just above the curve I'y(1), we set I' = A\; + ¢, so that (4.2)

takes the form

(4.5) Yy = Ly + e + N

Anticipating the contribution of the nonlinear terms in the forthcoming expansion, we seek

a solution that is proportional to leading order to u; plus a small perturbation:
(4.6) U(z,t) ~ eY2a(r)uy (x) + 53/27,01(37, T)+ ...

Since I' is a small perturbation of \;, we expect the time evolution to be slow, hence we have
introduced the time-scale 7 = et. Our goal here is to compute the function a(7) and thus to
obtain completely the leading order term in the expansion.

Substituting the ansatz (4.6) into (4.5), we see through (4.4) that the O(¢'/?) terms are
balanced by the choice above for ¢, with the function a(7) not yet determined. Proceeding

the O(g%?) level, we obtain
(4.7) — L1ty = (—a; + @) ug + Naw].

To obtain a solvability condition for 1, we multiply equation (4.7) by u;(z) and integrate
over [—1,1]. We obtain the following equation for «(7):
fj1 Nau|uy dz
| il u? dx
After a lengthy calculation, the coefficient x1; is found to be given by

(4.9) Xi1 = (%Cnn - ’Yll) /B,

(4.8) ar =a+ = a+ yu|afa.
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where

(4.10)
1 1 1 z
B = / U% dr, Y = / ’U1|2U%7 C1111 = / U%QH dzx, 011 = / Ul(“l); - UT(UI)x dx'.
-1 - - 0

1 1

The stability of the bifurcation branch depends on the sign of x;;. Examination of (4.8)
reveals that there is stable branch of equilibria if x; < 0, with |a] = \/% We note that in
light of the rotational invariance of the whole problem (4.2), there is in fact an entire circle

of equilibria with « given by ﬁeiao, 0o € [0, 27).
On the other hand, if xy;; > 0 then an unstable branch of equilibria exists for ¢ small and

negative wherein (4.8) is replaced by
Oy = —a + Xll‘a‘2@

and the equilibrium value of « is given by 1/,/x11. It turns out that both signs can occur,

depending on the current /. For instance, when [ = 7, we get
5(7) = 0785, ’)/11(7) = 0652, 01111<7) = 0375, X11(7) = —0592,

while

B(11) = 0.403, 11 (11) = 0.449, c1111(11) = 0.924, x11(11) = 0.03.

A careful computation shows that y;; vanishes at I ~ 10.93. We denote this critical value
by I and conclude that the bifurcation from (N) to (S) is stable (type II) for I < I and
unstable for I, < I < I.. Finally we point out that the expansion in this section breaks down

for I near I, and one needs to proceed to higher order terms there.

5. THE BIFURCATION FROM (N) TO (P)

In this section we compute asymptotic approximations for the solution in the oscillatory (P)
state. In this state the solution ¢ (x,t) is time-periodic. We assume in this section that the
current [ is fixed in the regime I > [.. The transition to the (P) state takes the form of a Hopf
bifurcation; namely, the real part of the spectrum is zero, and the bottom of the spectrum
consists of a conjugate pair of purely imaginary eigenvalues. We point out that the spectrum

of the operator M (cf. (1.9)) does have a nonzero real part, but this real part is exactly
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balanced at the transition curve by our choice in this section of I' = T'; (I) +& = Re A\; + ¢ with
e > 0in (4.2). Hence, if we extend our definition (4.4) of the linear operator L; to include

the case where \; is complex via
(5.1) Lyu := gy + ixlu + (Re \p)u,

then it is L; that possesses a pair of purely imaginary eigenvalues with corresponding eigen-

functions u; and wuy satisfying
(52) L1u1 = —z(Im /\1)U1 and L1U2 = Z(Im )\1)U2.

We choose to normalize the eigenfunctions so that u;(0) = 1, j = 1,2, and we assume \; is
defined so that Im A; > 0. With the above choice of I' and definition of L;, we again find that
(1.4)-(1.5) takes the form (4.5).

At leading order, we expect the solution to be comprised of a linear combination of solutions

to the equation ¢, = Lit. This leads us to seek a periodic solution to (4.5) of the form
(5.3) Y(x,t) ~ el/? (a1 (r)e ™My, (2) + ao(T)e™™ My (2)) + %291 (2, 1) + ...

Here 1) is assumed to be a periodic function of ¢ with period p. = 27/Im A, + O(e) and
aq, ag are coefficients that we expect to evolve slowly in time. We thus have set a; = a;(7),
where, just as before, 7 = t. Our goal here is to compute the functions a;(7) and thus to
obtain completely the leading order term in the expansion.

Substituting the ansatz (5.3) into equations (4.5) shows that the O(c'/?) terms are balanced
by the choice above for ¢, with the coefficients a;(7) not yet determined. Proceeding to the

O(£%/?) level, we obtain

(5.4) (1) — Ly = e ™My (ag — app) + €™My (ag — as,)
(5.5) + Nage ™Aty 4 apel™mArty,),
cf. (4.3).

To obtain a first solvability condition for 1, we multiply equation (5.5) by e™*ty; (z) and
integrate over [—1, 1] x [0, 27r/Im A;]. A second solvability condition is obtained by integrating

similarly against the function e=™™*!y,y(z). We note that through (5.2) and the assumed
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periodicity of ¢y, the first integration against the left-hand side of (5.5) yields, after an

integration by parts:

1 27 /Tm A1 ‘
/ / ((41) — Lytpy) €M™y dt da
—-1J0

1 27 /Tm A1 ‘ 1 27 /Tm A1 '
= —iIm M\ / / wlezIm)qtul dt dr — / / wlezImAltLlul dt dr = O<€)
-1J0 -1J0

Similarly, the left-hand side in the second integration vanishes to leading order.
After a lengthy but straight-forward calculation, these two integrations then give rise to a

pair of equations for the coefficients «;(7), namely

(5.6) (a1)r = o1 + (xulaa]? + xzlaal?) o,

(5.7) (a2)r = g + (XT1lee]* + Xialail?) as.

Here the coefficient y1; is again given by (4.9) while x12 is defined by through:

1 1
(5.8) X12 = (561122 + 501212 - 2’721) /5,

where

(5.9)
1 1 1 x

16 ::/ ui dz, i :/ |u1]2u3 dz, Ciju :/ wiuiOp dx, O :/ (e () — uf (ug),) da'
-1 —1 -1 0

We note that the notation above is consistent with (4.10).

To analyze the evolution of the a}s, we note that from (5.6)-(5.7) it is easy to derive the

system
(5.10) (le]), = leal(L + (Rexu]aa|* + Re xaafan|*),
(5.11) (loa]), = laa|(1 + (Rexu]azl* + Re xi2fan|*),

governing the evolution of the moduli of the a;. Now if the initial conditions for (4.5) are
taken such that a4 (0) # 0 and ay(0) # 0, then it follows from (5.10)-(5.11) that «; and ay are

non-zero for all future times. In this case, we introduce the Ricatti transform r := |a;|/|al.
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From (5.10)-(5.11) we obtain that

I laal[an]” — |||y |

|aaf?
(5.12) _ loafJa|(Re x11 — Rexao) (|aa* — Jaa|?)

|af?

= (R — Rexpa)|oafPr(s? = 1) = ~(Re ) lauf?r(s” ~ 1)

where - denotes % and we have introduced the complex constant

(5.13) X = X12 — X11-

Provided that Rexy > 0, we learn from (5.12) that 7 — 1 at an exponential rate as 7 — 0.
One can indeed check numerically that for I > I.., the inequality Re x > 0 holds. See Figure
6.

Returning to the system (5.10)-(5.11) with this information, we can determine the asymp-

totic value of the modulus of both o and «y to be

-1 1
~ ~ =4/ f >>1
\041 (T)’ ’OQ(T)‘ \/(RGXH + ReX12) Re x o

where we have introduced another complex constant

(5.14) X = —(x11 + x12)-

Numerical calculation reveals that Re x > 0 for I > I. as well. Again, see Figure 6.
Substitution into (5.6)-(5.7) then yields a linear dependence on 7 of the phase of both oy

and ay for 7 large with

1 )
(5.15) ai(1) = a5(1) = 4/ Rox et fort >>1,

_Imx
Rex”

where w := Of course, in light of the rotational invariance of all of the above equations,
the asymptotic state (5.15) holds only up to a constant rotation. As an example, we computed
the functionals xi; and xj2 for I = 20. In this case the leading eigenvalues are Ao ~
8.64 + 5.25 4, the amplitude is ~ 0.92 and w =~ —1.81. Unlike the case [ < I., the transition

from (N) to (P) is always stable.
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F1GURE 6. The dashed curve represents the graph of the parameter Re x as a

function of applied current I and the solid curve represents the graph of Re .

The case where either a;(0) = 0 or a(0) = 0 is treated separately. In view of (5.6)-(5.7),

if, for example, a1(0) = 0, then necessarily a;(7) = 0. Hence, ay evolves by

(a2)r = (1 + xi1lazl?) ae.

From this and (5.11) it easily follows that

1 Imxq
5.16 ay(7) ~ ——¢"Foa1’  for7 >>1
(5.16) 2(7) o
provided that Rex;; < 0. Since x11 = —%(f( + x), and both x and y have been shown

numerically to be positive, we do indeed have this condition on y;; met. Similarly, when

a3(0) = 0, one finds that as(7) = 0 and

1 _jImxyy
(5.17) i (1) ~ ———=¢ 'Fex1’ for71 >>1

v—Rexu

provided again that Reyi; < 0.
To summarize, in the generic case where neither a;(0) nor ay(0) vanish, the solution in the

(P) state is to leading order

(5.18) w(l‘,t) ~ 81/2A (efi(ImMers)tul(x) + ei(Im/\lerE)tUQ(%)) )
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Therefore the solution is time-periodic with period
(5.19) pe ~ 21/ (Im Ay + we) + o(e).

In a subsequent article, we will examine in some detail how the asymptotic solution (5.18)

extends deeper into the nonlinear regime of the (P) state.

6. RIGOROUS BIFURCATION THEORY

In this section we will establish a rigorous justification for the formally derived expansions
and bifurcations of the previous two sections. As was done earlier, we will set the normal
conductivity o equal to one and set the interval [—L, L] to be [—1,1], thus focusing on the
interplay between the externally forced current I and the temperature-dependent parameter
I As was done earlier, we will treat the case of Dirichlet boundary conditions, though
similar conclusions can be rigorously established for the case of Neumann boundary conditions.
Though in our previously derived formal asymptotics, we only pursued the case of bifurcation
off of the principal eigenvalue, at the end of this section we also treat bifurcation off of any

eigenvalue.

6.1. Spectral properties of linear operator. We begin by recalling some notation and

collecting some facts about the linear operator M given by (1.9).

Lemma 6.1. The spectrum of M consists only of point spectrum, denoted by {—\;} with

corresponding eigenfunctions {u;}. If (A\;, u;) is an eigenpair satisfying

MUj = —>\juj', U](:l:l) = 0,

then
(6.1) ReX; >0, and |Im);| <.
Thus, in particular we may order the eigenvalues Ay, A, ... according to the size of their real

part, with 0 < ReA; < ReXy < .... The PT-symmetry of the operator is reflected in the fact

that if (A\j,u;) is an eigenpair then so is ()\j,u;) where u;(x) = uj(—x). Finally, for each
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positive integer £, there exists a positive value of the current I, which we denote by I,, with

Iy < Iy such that

(6.2) Aov—1, Adyg €R - for I <1, while Iyy—1=X5 R for I>1I,.

Remark 6.2. We note that in earlier parts of this paper, the critical value I; was denoted by

I.. In the next subsection, we revert to this notation to keep consistency with earlier sections.

Proof. The fact that the spectrum consists entirely of eigenvalues follows from standard spec-

tral theory. To verify (6.1), multiply the equation Mu = —Au by u* and integrate to obtain

1 2 1 2
Uz|” dx 1 z |ul® do
f_l [ua| and ImA\= —f_l [u :

Re\="4"F+——
f_ll |u|2 dx f_ll |u|2 dx

The fact that if (\,u) is an eigenpair then so is (A\*,u!) follows by inspection. The assertion
that the spectrum is real for small I follows from Theorem 4.1 of [12] while the existence of a

critical values {I,} beyond which pairs of real eigenvalues collide to form conjugate pairs is a

result of [14, 15]. O

Next, for any fixed positive integer ¢, we introduce the operator
(6.3) Lou = Mu+ (Re Agp_1) u.

Then L, has spectrum shifted from that of M by Re Ay so that Lyu; = —p;u; where

t; = Aj — Re Agr—1. Based on the behavior of the spectrum of M described in Lemma 6.1, we
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have the following scenario for L,.

(6.4) For0<I<1I:

por—1 =0, Rep; <Oforl1<j<20—1, p;>0fory>20—1.

(6.5) For I =1, :

por—1 = piog =0, Rep; <O0for1<j<20—1, p;>0fory> 20

(6.6) For I > I, :
Re pge—1 = Repge =0,  Im gy = —Im gy # 0,

Rep; <0O0for1 <j<20—1, Rep; >0forj> 20

We also note that by PT-symmetry, if we normalize all eigenfunctions so that u,(0) = 1,

then we must have

(6.7) Ugp_q = ughl when [ <1, while w9, = U;e when [ > 1.

For later use, we also introduce the spectral gap (, given by

(6.8) ¢ :=inf {|Rep;| : p; is an eigenvalue of L, with non-zero real part}.
J

In what follows it will be convenient to choose a basis for the eigenspace of L; that is
PT-symmetric. This has already been taken care of when I < I;. However, for I > [} we

introduce the basis v; and v, given by
(6.9) vy i=up +uy and  vg = i(u; — ug).

The PT-symmetry of this basis follows from (6.7). Note also that this basis satisfies the

relations

(610) L1U1 = —Im )\1?]2, L1U2 =Im )\11)1
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6.2. Bifurcation from first eigenvalue. We now develop the rigorous bifurcation theory
associated with the stationary and periodic solution branches formally derived in earlier sec-
tions. To this end, we wish to reformulate the full nonlinear system (1.3)-(1.6) in such a way
as to make it amenable to standard center manifold and bifurcation theory. Accordingly, we

first solve for the electric potential ¢ in (1.5), thereby obtaining

Z’ * * * !
(6.11) b= —Iz+ 5/0 (W — v, e

In this section, we will focus on the stable bifurcations that occurs off of the first eigenvalue
of the linear operator and so we henceforth fix the positive integer ¢ from the previous section
to equal 1 and pick I" to be of the form I' = Re \; +¢. Substituting (4.1) into (1.4), we obtain

a single, nonlocal complex equation so that (1.4)-(1.5) can be rewritten as

(6.12) Uy = Lyt + N (4, )
where we have introduced N (y,¢) := Ny| + ey with
1 x
(6.13) Nl ==+ 50 [ o'w) o
0

We recall that as before, the system is augmented with Dirichlet boundary conditions 1 (+1,¢) =
0 along with the normalization ¢(0,¢) = 0 for ¢ > 0, and initial conditions, say ¥ (z,0) = ¢o(x).
We take € to be small and positive (unless otherwise specified).

We remark that since Lyt = (Lyy)" and Nyl = (N[y]), it follows easily that the fAow
(6.12) preserves PT-symmetry in the sense that if ¢ is a solution to (6.12), then so is 7.
Hence, by uniqueness, we note that if the initial data 1y is PT-symmetric, i.e. if ¢y = ¢$,
then so is the resulting solution .

For later use, we also record the estimate:
Lemma 6.3. There exists a positive constant Cy such that
(6.14) Nl < Collyllzn  for ally € Hi((—1,1));C).

Proof. For y € Hg((—1,1)) recall that both ||y||,~ and ||y, are controlled by ||y.||;-. We
begin by estimating the H' norm of the local part of A'. We find

3 2 3
1ylPyl] 2 < Iyllze < Iyllze Iyl < Cllylla -
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Similarly,

1
(ly?y) ||, < C( / 1 lyl* 19 [* de) " < Oyl el 2 < Cllylin

Turning now to the nonlocal part of N we find

1 1 ) 1/2
<o [l [ Wil ary i)
L2 -1 -1

1
2 3
< C’(/1 Yl lyal da) 1yl 2 < Cllyllze yallz2 < Cllyll -

Finally, we check that
<

H(y / (s — YY) dw')
0 zll L2
1 1 ) 1/2 1 . ) 1/2
o[l [ wlwdaryae) e [l
—1 -1 -1

2 2 3
< Cliyllee Nyallzz + Cllyllze vall 2 < Cllyllen

Hy/ (yys — ¥ ys)) do’
0

U

Armed with a full understanding of the linearized operator and control on the nonlinear
operator provided by Lemma 6.3, we can proceed to construct a center manifold for the flow
(6.12). To this end, we will denote by S, the center subspace associated with Ly; that is, S, is
the eigenspace associated with any eigenvalues of L; having zero real part. For I < I. (= Iy),
we have S, = span {u; } while for I > I., S. = span {vy,vs} (= span {uy,us}).

As e will play the role of a bifurcation parameter, we then augment (6.12) with the equation
(6.15) gy = 0.

The theorem below provides for the existence of a finite dimensional invariant manifold as-
sociated with the flow (6.12) for each fixed small £ describing all orbits of sufficiently small
norm. This, in effect, allows us to rigorize the formal bifurcation calculations of the previous
two chapters by reducing the analysis of the nonlocal P.D.E. to a study of a local system of

0O.D.E.’s with accompanying rigorous error estimates.

Theorem 6.4. For each value I > 0 and positive integer k, there is a C* local center manifold

M C H'((-1,1);C) xR of (6.12), (6.15) tangent to the center subspace. The center manifold
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M is expressible as a graph over the center subspace in the sense that there exists a C* map

®:S. xR — H'Y((—1,1);C) such that

(6.16) M= U (M. x {e}) where M. :={P(u,e): u €S, ||lull; < d, |e] <eo}

le|<eo
for some sufficiently small positive constants oy and ey depending in particular on k. The

center manifold is invariant under complex rotation, i.e. (1,e) € M = (e, e) € M for

all 8 € R and in fact
(6.17) e?®(u,e) = d(eu,e)  for alld € R.

The center manifold is also PT-symmetric, i.e. (,e) € M = (Yi,e) € M. Ifu = ul
then ®(u,e) = @' (u, ).
The discrepancy between the center manifold and the center subspace can be expressed

through the estimate
(6.18) 1©(use) = ull g < Cr ([ullz + el lull )

which holds for any pair (u,e) such that u € S, with ||ul| ;1 < 6o and |e| < ey, where Cy is a
positive constant independent of u and ¢.

The center manifold is locally invariant for the flow (6.12) in the sense that if |e| < o and
the initial data )y lies on M., then so does the solution ¢ to (6.12) so long as ||V°(-, 1)
stays sufficiently small. Hence, for such initial data, one can describe the resulting solution
Ye(t) = Y°(-,t) through either one or two maps 35 : [0,00) — C wia ¥°(t) = O(Bi(t)u1,¢)
when I < I. or ¢=(t) = ®(B5(t)v1, B5(t)ve, ) when I > 1.). Finally, M contains all nearby
bounded solutions of (6.12) in H', and in particular, it contains any nearby steady-state or

time-periodic solutions.

Proof. We follow a standard center manifold construction, along the lines for example, of [3].
To outline this approach, we first note that in light of conditions (6.1), the spectrum of the

operator —L; lies within the set

{AeC: larg(A\+a)| < %},
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for some positive number a = a([). Hence, —L; is sectorial and we may assert the existence
of an analytic semi-group {e*'*};5, cf. [7], Theorem 1.3.4 or [19], section 2.2.3.

We will denote the (L?) projection operators from H'((—1,1); C) onto the center and stable
subspaces of L; by II. and II, respectively. Here by stable subspace we mean the span of all
eigenvectors of L; whose corresonding eigenvalues have negative real aprts. We note that since
the real part of all eigenvalues of L; are non-positive, L; has no unstable subspace.

A local center manifold is constructed by first constructing a global center manifold for
a problem with a truncated nonlinearity through the introduction of a cut-off function p €
C*(]0,00); 10, 1]) satisfying p(s) =1 for 0 < s <1 and p(s) =0 for s > 2. For any § > 0 we
then let p°(s) := p(s/d). We use this cut-off to truncate the nonlinearity N (y, ) by defining
N°(y,e) = 0 (lyll g1 ) N (y, €)-

The graph map ® : S, x R — H'((—1,1);C) is then defined by the following procedure:
For u € S, and ¢ fixed, we use a “variation of constants” approach, rephrasing the P.D.E.
(6.12) (with the original nonlinearity replaced by N?(y,¢)) as an integral equation:

t
y(x,t) = T(u,e,y) == e"'u +/ eI N (y(2,7),€) dr
0

t
+/ e =TT AP (y(x, 1), ) dr.

—0o0

(6.19)

Then one argues that there exists a unique fixed point vy, . = y,-(x,t) to (6.19) in the space

of functions that grow sufficiently slowly at ¢ = +o00 given by
Y, = {y € C(~00,00); H'((-1,1))) : [lyll, < o0}

Here [[y||, := sup,cr e~ (Ol g1 ((—11)) and 7 is any fixed positive number less than the
spectral gap (i, cf. (6.8). Once the existence of this fixed point is established, we define the
map ¢ by

O(u,e) = Yue(-,0).

We should remark that when ¢ is negative, we interpret eI, in (6.19) to mean flow

projected onto the finite dimensional center subspace; thus it reduces to a finite number of
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ordinary differential equations. To see this and to carry out the application of the contraction

mapping principle to (6.19), one considers the inverse Laplace transform representations

(6.20) el = / eM(N — Ly)td),

and

(6.21) eI, ;:/ NN — Ly)~td),
I

where I', is a bounded contour enclosing the eigenvalues with zero real part and I is a contour
in the left half-plane enclosing the stable spectrum that tends asymptotically to infinity along
the lines a(1 — s) &+ ais as s — £oo. Since the resolvent is bounded along these contours, it

follows from these representations that for every s; € (0,(;) one has

(6.22) HetLll_IcHHlﬂq1 <(C, forallteR,

(6.23) He“:ll_[SHHlﬁH1 < Ce~@=sUt for all t > 0.

Invoking these bounds, and by choosing the parameter ¢ in the cut-off of the nonlinearity
sufficiently small, the existence of a fixed point to (6.19) follows from (6.14) by the contraction
mapping principle, from which we find easily also Lipshitz regularity of ®. The asserted C*
regularity of ® may be established by a careful iterative argument as described in [3], using
Ck + 1) regularity of the truncated equations (in general, the center manifold inherits one
degree less regularity than the underlying equations); we omit discussion of this delicate
point. The local center manifold for the untruncated problem is then realized through (6.16)
by choosing &y and ¢y sufficiently small.

The rotational and PT invariance of M follow from the fact that the center subspace S.

enjoys these invariances and the fact that for any 6y € R one has
ifo io,\ _ ,ibo i Ty T
['(e™u,e,e™y) =" T(u,e,y), aswellas ['(u',e,y") = ([(u,e,y))" .

With regard to this last assertion, note in particular that N°(y', &) = (N‘;(y,s))T. Also if

uw=u' and if y,. = '(u,¢&,y,.) then necessarily

y;&,e = (F(uv g, yu76))T = F(“? &, yl,s)
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and so by the uniqueness of the fixed point, necessarily ylﬁ = Yu.. Hence, in particular
Yl -(-,0) = Yue(-,0) and we have ®(u, &)’ = ®(u, ). Similarly, e ®(u,c) = ®(e®u, ¢) for all
6y € R.

Finally, we turn to the verification of (6.18). This comes from an examination of the
iteration procedure leading to the fixed point as follows. Picking d, sufficiently small, we may

argue that, for instance,

1
||F(u"€vyl) - F(u’57y2>||77 < 5 ”yl - y2||77

for all u € S, all sufficiently small € and all y;, y» € Y, Letting y, denote the solution to the

linear problem, i.e. v, := e*''u, it then easily follows that

9 — yU,E”n = [y — F(u757yu,E)Hn < yu — I'(u, e, yu)”n + 1T (u, &, 9u) — F(uagayuﬁ)Hn
and so
”yu - yu,EHn <2 ||yu - F(ua anu)Hn :

Then we calculate

[®(w,e) = ull g = Y (-, 0) = yu (-, 0)[| 1
< sup ”yu,s('vt) - yu('7t)||1-11 e M = Hyu,s - yu||,,
teR
3
< 2lyu = T, 8, 90)l,, < 2C (Nullzn + lel Jull )

where in the last estimate we invoked (6.14), (6.19) and (6.20)—(6.21).

The final conclusion of Theorem 6.4, namely that the center manifold contains all H'-
nearby solutions of (6.12), follows from the construction of M. More precisely, any such
solution would necessarily have slow growth at £oo, that is, it would have finite [|-[|, norm.
Hence, it would arise as the unique fixed point of A (cf. (6.19)) with N° = N.

O

We also will need a version of the standard result on exponential attraction to an orbit on
the center manifold in the absence of any unstable manifold. Again the proof we sketch is an
adaptation of a more general but somewhat weaker result in [3] that is valid in the presence

of an unstable manifold.
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Theorem 6.5. For any positive integer k and r = r(k) > 0 sufficiently small, there exists a
C* map P. from B(0,r) C H' to M., equal to the identity when restricted to M., such that,
for all solutions 1° of (6.12) originating at time t = 0 within B(0,r),

(6.24) [42(t) — &5 (t)]| i < Cre™dpn (¥°(0), M),

so long as ¥ remains in B(0,1), where 1/35 € M. denotes the trajectory along M. originating
at time t = 0 at P.(¢°(0)) and n > 0 and Cy are uniform constants. Here dy:(-,-) denotes

the distance in H'.

Proof. As noted in [16], this follows by the proof of the more general approximation property
(v) of the Center Manifold Theorem stated in [3], restricted to the case that the underlying
linearized operator (L; in this case) has no unstable manifold.

To say a bit more about our adaptation of the approach presented in [3], given a solution

Y = 1p°(z,t) to (6.12), one first extends ¢° to a function )¢ defined for negative t-values via

_ e fort >0
Ye(0)  fort < 0.

Thus, v represents a globally bounded solution to the equation ¢, = L1¢* + N (3=, ¢) + ¢°

where

0 fort >0

6.25 F = ¢ (x,t) =
(6:25) ¥ =@ —L1y(0) = N(¢=,e)  fort <O.

Then we fix any positive 7 such that n < ¢; (cf. (6.8)) and seek a function z such that
¢ + z € M.. We will find such a z in the set

Zy ={z € C((00,00); H'((—1,1))) : |2|, < oo}

where |z|, = sup,cge™ ||2(:, t)||H1((_171)) and then define the projection F. onto M, via
P.(¢*(0)) := ¢*(0)+2(0). Thus, the trajectory on the center manifold satisfying (6.24) will be
wAE(t) := 9)%(t) + 2(t). The function z is produced as follows: plugging )¢ + 2 into the integral
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equation (6.19) leads one to seek z as a fixed point of the mapping A : Z,, — Z,, defined by

A(z) = — /too el t=m11, [N5 (1/;5(17,7') + z(x, 7'),5) — N? (1/75(95,7'), 5)} dr +

/00 el t=m17, ¢ (x,7)dT + /t el (=71, [./\/‘s (w_e(x, T) + 2(x, 7'),8) —N? (w_e(x, 7'),5)}

t —00

t
— / el I, ¢F (0, 7) dr

—00

(6.26)

Again the existence of a (unique such) fixed point z € Z,, follows readily from the contraction
mapping principle since one can check that |[A(z1) — A(22)],, < 0|21 — 22/, for some 6 € (0,1).
The fixed point z, and thus the map P. that it determines, is Lipshitz in ¢°(0) by construction.
With further effort, it may be shown to be C* for any k, by a procedure similar to that used
to show smoothness of the center manifold [3] in the analogous fixed-point construction of
Proposition 6.4, using C* regularity of both the center manifold and the truncated equations.
(In general, P. inherits the regularity of the center manifold.) Note that the center manifold
solution #(t) so constructed satisfies the truncated equations (6.19) and not (6.12), since
the righthand side of (6.26) involves the truncated nonlinearity N in place of . However,
this makes no difference since the equations agree on the ball B(0,r) under consideration, for
r > 0 sufficiently small.

Hence, we have
[2ly < [2 = AO)]y + [A(O) ], = |A(2) = AO) |y + [A(O)]y < O]z[, + [A(0)],
and so we conclude that
(6.27) 2], < CA(0)],,.
One then observes from (6.25) and (6.26) that for ¢ > 0,
(6.28) A(0)(t) = "ILF (¢°(0)),
where F' : H' — H'is given by

F(v) ::/ e M1 (Lo + N°(v,€)) dr.

—00
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Note that F' is evidently bounded and Lipshitz. We next claim that if ¢(0) € M., then
F(1°(0)) = 0. To see this, note that in this case the invariance property of the center manifold
implies that ¢° € M, for t # 0 as well. Hence the unique fixed point of (6.26) must be z =0
and so in particular A(0)(t) = 0 for ¢ > 0, which establishes the claim.

Finally, fixing any element ¢°(0) € H' \ M. with sufficiently small H'-norm, one uses this

last observation to obtain

(6.29) IE@ Ol = inf JF@5(0) = Fn) [ < Cdpn (4°(0), Me).
The bound (6.24) now follows by combining (6.27), (6.28) and (6.29) and using the bound
(6.23), since z = 1) — 1. O

Remark 6.6. Using the Implicit Function Theorem and the fact that P. is the identity on M¢,
we find that H' is foliated on a small neighborhood of M? by transverse smooth manifolds
P~ (w) through each w € M¢, depending in a smooth fashion on the value of w. In particular,
for C' > 0 sufficiently large and a > 0 sufficiently small, the H'-ball B(0, a) is foliated by leaves
P~ Y(w) for w € M® N B(0,Ca), carried one to the other under the flow of the underlying
ODE, uniquely specified by the property that each solution initiating in P! (wg) approaches
the solution on the center manifold with initial data wy at uniform exponential rate ~ 1 >> ¢.
As a consequence, a C* stable manifold N, C M® N B(0,a) of an orbit or manifold of orbits
within the center manifold M® extends to a C* stable manifold N, := Uyen P! (w) N B(0, a)
in B(0,a) of the same codimension in B(0,a) as the codimension of N in M*. That is, not
only is asymptotic stability in B(0,a) determined completely by asymptotic stability within
the center manifold, but also conditional stability as measured by codimension of the stable

manifold.

We now apply the previous result on existence of a center manifold to assert the existence
of bifurcating stationary and periodic states for equation (6.12).

We begin with the case of stationary states bifurcating from the normal state. We refer
to Section 4 for the definition (4.9) of the parameter x;; which was found numerically to be
real for I < I., positive for I, < I < I. and negative for 0 < I < I, where I}, = 10.93 and
1.~ 12.31.
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Proposition 6.7. For I fized in the interval (0, Iy), equation (6.12) exhibits a stable super-
critical pitchfork bifurcation of stationary states {01, (-,€) : 0y € [0,27)} branching from
the normal state for all sufficiently small and positive values of €. These equilibria satisfy the

bound

3/2

(6.30) ‘ < Ce

as predicted formally in Section 4

For I fized in the interval (Iy,1.), the equation exhibits an unstable subcritical pitchfork
bifurcation of stationary states eieoﬂe(-,a), 0o € [0,27), branching from the normal state for
all sufficiently small and negative values of €. These equilibria satisfy the bound

< Cle)??
H1

Jo— () e[y

(6.31) ' Neer

as predicted formally in Section 4.

Proof. Since we work here in the setting where I < I., the center subspace is spanned by
the single eigenfunction u;. Hence, we will express any point on the center manifold M as
(®(0,¢),e) where 3 € C corresponds to the coefficient of the point Su; on the center subspace.
We begin with the case where [ is fixed to lie in the interval (0, I;). Then for any small value
Bo € C we let 1) denote the solution to (6.12) satisfying Dirichlet boundary conditions and
initial condition 1°(-,0) = ®(fy, ). For all small, positive ¢, we know from Theorem 6.4 that

(¥=(+,t),e) € M and so there exists a smooth function, which we denote by 3¢ = [3°(¢), such

that
(6.32) Y (x,t) = ©(5°(1), €).
Recalling the definition (3; := fjl u? dr we now apply the projection II. to every term in

the equation
vy = Lt + N(¢°,€)

satisfied by ¢° and then integrate against u;. We find that

1 1 1
/_1 I (¢f ) us do = %/_lﬂc(we)ul dx = %/ II.(®(5°, e)uy da) = (135

c
-1
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We also have

1 1 1
/ Hc(Lﬂbe)Ul dr = 51/ uy Lyy® do = 51/ Lyuy®dx =0
1 -1 -1
and f_ll I1, (5@/}5)u1 dx = ¢, 3°. Consequently, we obtain for 5° the O.D.E.

1
5 = o1 [ V) do ()
1J-1
(6.33) = £ +xu B 5 +e(5,¢)

where we recall the calculation of f_ll IT,. (N [ﬁeul])ul dx carried out in Section 4, and we have
introduced

1

(6.34) (€)== ST N[B(F.)) ~ LN [Fu]).

Due to (6.17), we know that
(6.35) e(e® 3, ) = e®e(p, ) for any f, € R

and through elementary use of the triangle and Cauchy-Schwartz inequalities applied to the

nonlinearity N, along with (6.18), we estimate
le(B°, )| < CIINI®(5°, )] = N[Fru]l| 1
< C (125 &)z + 157w llzn) (1205, €) = B )
(6.36) = O () + (7).
Returning to (6.33), consider first the case where 3°(0) = B € R. We first claim that the
function 5°(¢) must be real. To see this, we begin by noting that since 3, is real, the quantity
Bouy is PT-symmetric. Hence, in particular ¢°(-,¢;) = (we(-,tl))T as well for any fixed t; > 0

since 1)° satisfies a PT-symmetric initial condition ®(Byus, ). Now denote by 1=! the unique

solution in Y, to the equation

(6.37) o = T(8 (t)ug, €, 971),

where T is defined by (6.19). By (6.32) we have ©°(-,¢;) = '(-,0), and consequently,
oL+ 0) = (V1(, 0))T . Evaluating (6.37) at ¢t = 0 and applying the { operation to both sides,
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we then conclude that

(6.38) =1+, 0) = (8 (t) "u, £, 971 (-, 0)

as well. Applying the projection II. to both (6.37) evaluated at t = 0 and (6.38), we see that
indeed (°(t1) = (°(t1)* as claimed.
An easy application of the implicit function theorem then reveals the existence of a smooth
curve of zeros € = ¢(f%) to the equation
B + X1 (5)° + e(5, ¢)
3¢
such that e = —x11(3°)% + O((#)*). Hence, there exist smooth curves of equilibria 3%(e) to

=0

(6.33) for all small, positive € with

(6.39) GE(e) = V2 L O(37).

1
V=xn
Consequently, within the collection of points on the center manifold of the form ®(/3,¢) with
B real, the functions = := ®(S*(e),e) represent a supercritical pitchfork bifurcation of
equilibria from the normal state. The bound (6.30) follows immediately from (6.18). In light
of the rotation invariance of the problem, it immediately follows that there is in fact a circle
of equilibria €., 6, € [0, 27) where we have written simply 1), for ¥F.

Regarding stability of these equilibria, it is clear from (6.33) and the estimate (6.36) that
given any initial data on the center manifold of the form ®(Gyuy,e) with (3 real, positive and
say bounded by C4/e, the solution to (6.33) will converge to 3 (¢) and so the solution to
(6.12) will converge to .. Then since in light of (6.35), (6.33) is clearly rotationally invariant,
it follows that for complex initial data on the center manifold, i.e. initial data of the form
(B, €) where By = |Bo| € for some non-zero phase y, necessarily the solution will converge
to e ®(3*(g),e). Thus, one concludes that the circle of equilibrium states {e®, : 6y €
[0,27)} is asymptotically stable on the center manifold.

Finally, suppose that we start with initial conditions for (6.12) that are close to the circle

of equilibria but that do not lie on the center manifold. That is, suppose we have

(6.40) |47 (0) — ewowenH1 <ry for some 6y € [0, 27)
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but that ¢°(0) ¢ M.. Without loss of generality, we ignore this rotation for the remainder
of the argument and take 6, = 0. We will argue that for r; and ¢ sufficiently small, again
the trajectory ¥°(t) is exponentially attracted to 1).. We take in particular, r; < ﬁr where
C7 > 1 and r are the constants appearing in Theorem 6.5. Since ||e| ;1 < \/%\/E we can

assert that

(6.41) [ (O) [ < 7/2

by choosing ¢ sufficiently small and appealing to (6.40). Denoting by 1[35 the trajectory on M.,
it then follows from (6.24) and (6.40) that for as long as 1 (t) obeys the bound |[¢*(t)|| ;1 <,
one has the estimate

r

(6.42) ] WE(t) — z/Sa(t)HHl < Cire < 2,

Then the triangle inequality implies that

~

(6.43) ¥e(0) — e

- S (1 + C1>7”1.

Now ﬁg(t) € M. is necessarily given by wAE(t) = ®(°(t),e) where [5° is governed by (6.33).
As we already noted, up to a rotation which we again ignore, the equilibrium value 57 (g) that is
stable under this flow, both in the sense of (exponential) asymptotic approach, 3°(t) — 37 (g)
and in the sense that §°(t) will stay close to this equilibrium for all time. Choosing r; still
smaller if necessary, we may appeal to (6.43) to conclude that |5°(0) — 57 (g)| is small and

then the Lipschitz property of the map ® allows us to assert that, for instance,
¢a (t) - 77Z)e

It follows from (6.41), (6.42) and (6.44) that in fact ||°(¢)|| ;1 < r for all £ > 0 and so (6.42)

(6.44) ’

<r/4 forallt>0.
H1

is valid for all time. Combining (6.42) with the exponential approach of ¢A€ to ¥, along the
center manifold, we obtain the asymptotic stability of all trajectories 1°(t) satisfying (6.40).

The case where I, < I < I. is handled similarly. Recall that in this case, the parameter
x11 takes a positive value. Working then with ¢ small and negative, and again starting with

initial data of the form ®(fy,e) with [, real, we find that (6.33) is now replaced by

(6.45) B = ef + xu(0) +e(5,¢).
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Another application of the implicit function theorem reveals that (6.45) possesses a pair of
unstable equilibria 3+ (¢) for all small negative e-values with 3*(g) = i\/% ]2 4+ O(le[>?).
An examination of (6.45) shows that the corresponding equilibria = := ®(5*(¢), €) bifurcat-
ing subcritically from the normal state are unstable as well since even nearby PT-symmetric
points on the center manifold, that is points of the form fu; for 8 real and near 3%(e), flow
away from them. Writing simply ¢, for @j, the same is of course true for any of the equilibria
on the circle {e®4), : 6, € [0,27)}.

OJ

We turn now to the case where the applied current [ satisfies I > I. and a bifurcation to a
periodic state occurs. We recall that in this parameter regime the constants x;; and yi2 are

not real.

Proposition 6.8. Fiz the applied current I in the interval (I.,00). Then provided that the
constants X and x given by and (5.13) and (5.14) respectively both have positive real parts, the
equation (6.12) exhibits a stable Hopf bifurcation to a periodic state ¢, = 1, (x,t,€) branching
from the normal state for all sufficiently small and positive values of €. This bifurcating

solution, 1, obeys the estimate

(6.46) [eh, — €% (85, (t)vr + B5,(t)v2) HHl < e

for some 0y € [0,27), where the real functions 37, and (35, take the form

(82, (1), 85, (1)) = ( \/\Rf—x T 0(53/%)

Imy 3/2 ) Im y 3/2
x(cos [(Im)\l—i__Re)Zg—i_O(g ) ) t|,sin Im)\1+—Re>~<6+(’)(5 ) ) t] ).
(6.47)

Remark 6.9. Recalling the relationship between the functions v; and vy given by (6.9), one
checks that the coefficients 85 , and 35, introduced above are related to the coefficients ay

and ay introduced in (5.3) via the formulas

1 . 1 .
aq (€t) = % elImAlt (5i,p(t) + Zﬁ;,p(t)) ) Oég(gt) = % e—ZII‘ﬂ)qt (ﬁip(t) - Zﬁ;,p<t>)
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Remark 6.10. We recall from the previous section that numerically, we indeed find that

Rex > 0 and Rey > 0 for I > I.. See Figure 6.

Proof. Invoking Theorem 6.4, given any two complex numbers 3? and 3Y of sufficiently small
modulus, let ¢ denote the solution to (6.12) subject to Dirichlet boundary conditions and
initial conditions given by ®(3?, 33, ). Then we may describe 1° via ® at all future times as
e = O(B5(t), 55(t), ) for complex-valued functions 55(¢) and 55(t).

We then project (6.12) onto the center subspace and use (6.10) to obtain

(B7) 01 + (83) w2 =

—Im A\ B5v; + Im A\ Bivg + €501 + €550,

1 1
+( / N [BEvn + BEs daz)v1+ ( / v [BE0r + B d)

1 -1

+( / o (VB3 B5.2)) — N[5 + s dx) o

1

+( / oy (VBB 55, 0)] — NBon + B dw) "

1

Integrating this equation first against v; and then against vy, we use the resulting two by two

linear system in [ and (35’ to find

/

I e —Im)\ G5 N fjl N (v + B50q) da
165 Im) ¢ 165 [Y 0N (Boor + B5vs) da

flvl( [@(55, 85, €)] — N[Bfvr + Biva]) da
f 1“2( (D5, 85, €)] — N[ﬁf“l—i-ﬂgvg]) dx

Appealing to the center manifold estimate (6.18) and carrying out a lengthy calculation

similar to that of Section 5, we finally arrive at a system of the form

!/

B e —ImA\ [ —[Re X(R°)? +ilm ¥°] 5 + [Im X (1°)* — iRe x7°] 05
3 Im \ e 35 —[Im ¥(R#)? — iRe x7°] 35 — [Re x(R)? + ilm Y] 535
(6.48) +0 (e(R°)* + (R°)°) .
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In the system above we have introduced the notation

(6.49)  R= /|G + 165" and 7= ((57)" 85 — B1(85)") = [55] 105 sin(6; — 63),

where (5 = |6j’ s .

We now apply the standard method for proving the existence of a periodic solution to (6.48)
via a Hopf bifurcation and to compute rigorously the amplitude and period of the oscillations.
To this end, we consider first the case where the initial values 3} and 39 are real. Then the
resulting PT-symmetric initial data ®(39,9,¢) for (6.12) will lead to the PT-symmetry of
the solution at all future times. Consequently, for all ¢ > 0, the projection of ¥° onto the
center subspace must take the form (7(t)v; + 35(¢)v, where 55 and (5 are real. This leads to
a significant simplification of (6.48) in that v = 0.

Converting to polar coordinates, R® and 6° := tan~! (35/55), we derive the system

(6.50) (R°) =eR° — Rex(R°)’ + O (e(R)* + (R°)°),

(6.51) (0°) =Im A — Im Y(R°)* + O (e(R°)* + (R°)*).

Starting with any initial condition with small amplitude a := R?(0), it is easy to argue that
¢ is a monotone increasing function of ¢, thus justifying the description of R® as R*(a, 6°) via

the scalar O.D.E.

dR? Re §
(6.52) g X

— o £\3 € 9
-~ T T o, B (e 756

where
g(e, R*,6°) = O (e(R°)* + (R°)°) .

A periodic orbit for (6.48) corresponds to a value of the amplitude a such that R*(a,27) = a.
Thus, we seek a fixed point of the Poincaré return map II given by

(6.53)

27 . o
H(s,a) — aeQm—:/Im)q + e27re/1m>\1/ ef(s/hn)q)@ <%Re(a79>3 _|_g(€’ RE(CL,9>,9)> do.
0 1

Using (6.52) one readily checks that

(6.54) R(a,0) =a+ O(ca+a*) andso R (a,0)® =a®+ O(ea® + a°).
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Therefore, expanding II for small € we see that

2me 2mRe x
a+ Imﬂ/\la - IWm /e\1Xa3 + O(ag* + ed® + a°)

(e, a) =

Via the implicit function theorem one derives a curve of zeros €(a) for the expression

[(e,a) —a
- :

Hence, we obtain a curve of fixed points of II with
e(a) = (Rex)a” + O(a’),
or inverting this relationship,

1
(655) a = ﬁ 51/2 + O(S)

Denoting the resulting periodic solution to (6.50)-(6.51) by (R (t), 65 (t)) and letting (55, 55 ,) =
(R cos(07), Ry sin(67)) denote the corresponding periodic solution to (6.48), the asymptotic
estimates (6.46) and (6.47) then readily follow from (6.51), (6.54) and (6.55).

We also note that the asymptotic stability of this periodic orbit, and hence the asymptotic
stability of the periodic solutions to (6.12) among nearby PT-symmetric competitors on the
center manifold, is a consequence of the condition

oIl 47Re
o ~ 1= 2TROX 2
da (e(a),0) Im )\, @ <4

cf. [6], Thm. 12.13. In light of the rotational invariance of the system (6.48), this means not
only that real initial data (85(0), 35(0)) lying sufficiently close to the periodic orbit will be
asymptotically drawn by the flow into the orbit but also that any rotation, say ¢ (35 (0), 35(0))
of such initial data will be drawn to the corresponding rotation of this orbit as well.

We next wish to argue that these periodic orbits are stable within the class of all flows
starting nearby on the center manifold. For this purpose we return to (6.48); that is, we
consider the situation where the initial data for 8] and 35 are not necessarily real. Note that
this corresponds to initial data that is then not assumed to be PT-symmetric. We claim that
if we start with complex initial data (35(0), 35(0)) sufficiently close to any of the orbits given
by (6.46)-(6.47), then again the flow will draw the resulting solution into one of these periodic

orbits.
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To establish this claim it is useful to derive a system of O.D.E.’s for the quantities (R¢)?
and ~¢. Differentiating the defining formulas in (6.49) and using the system satisfied by (5
and 5 given in (6.48), a routine calculation leads us to:

/

s B o (2L ReX(BY)(RY ~Rex(r)’]

+  O(e(R)* + (R9Y).
oa Z[E—Re(x+x)(Rs)2]75 (e(R7) (R)°)

Note that 35 are parallel if and only if v* = 0. Recalling that PT-symmetric solutions cor-
respond to 3 real, we thus see that 7* = 0 corresponds to the invariant three-dimensional
manifold of PT-symmetric solutions and their complex rotations that we have already consid-
ered, with the single remaining dimension parametrized conveniently by ~¢.

If we momentarily ignore the error term, then we can readily identify an equilibrium point
for (6.56) at (¢/Rex,0). Linearization about this critical point immediately yields linear
stability and in fact a standard phase plane analysis yields nonlinear asymptotic stability. To
treat the full system (6.56) (that is, including the error term), we must linearize instead about
the nearby periodic solution ((Rg)?,0), corresponding to the (real) periodic orbit (55,35 ,)

constructed above, yielding
(v) =2 [e = Re (X + X)(B})* + O(e(R)* + (B)) )]

Since the error term is clearly lower order, the condition (R)* ~ ¢/ReX again implies ex-
ponential linearized stability in the ¢ direction. As exponential orbital stability has already
been verified in the remaining directions, we may conclude exponential linearized and non-
linear orbital stability of the family of periodic orbits within the full four-dimensional center
manifold and not only within the invariant three-dimensional v = 0 manifold.

It remains to argue that the periodic orbits attract nearby initial data for (6.12) off of the
center manifold. The argument for this fact follows exactly as did the corresponding point in
the proof of Proposition 6.7 regarding stability of stationary solutions through an appeal to
Theorem 6.5. O

Proposition 6.8 describes the bifurcating stable periodic solutions of main physical interest.

With a little further effort, we may also rigorously obtain the existence of the two unstable
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periodic branches derived formally at the end of Section 5 and obtain essentially a complete

description of the full four-dimensional bifurcation.

Proposition 6.11. Under the assumptions of Proposition 6.8, the equation (6.12) also exhibits

an unstable bifurcation for small € > 0 to periodic states 1, + = ¥, 1 (x,t,€) of form

(6'57) pr,i — ' (ﬁii(t)vl + Bg,j:(t)UQ) ||H1 < 053/27

where, recalling that x11 = —%()Z + X) so that —Re x11 > 0,

€ \/E 3/2 :ti((lm/\ +£ImX11)t+(’)(a3/2)) e, + . he, Tt
(6.58) B=(t) = (— +0(@E¥?) ) e T Rex and [y~ = £if]™.
2v/—Rex11

Furthermore, there exists a positive value a independent of € such that for all small € > 0,
these two states, along with the stable periodic state 1), constructed in Theorem 6.8 and the
normal state, represent the only persistent states in B(0,a) := {¢ : ||¢||;n < a}. Indeed, the
phase portrait within B(0,a) consists of two repelling codimension two C™ stable manifolds
./\~/;),i of the unstable periodic solutions v, +, a repelling codimension four C*° stable manifold
Ny of the normal state v = 0, and an attracting codimension one C™ stable manifold Npr
of the invariant manifold Npr of PT-symmetric solutions and their rotations lying within
MENB(0,Ca), cf. Remark 6.6. The latter contains both the unstable normal equilibrium and
the stable periodic solutions, with all other solutions flowing from repelling submanifolds /\pr,i
and Ny to the attracting submanifold Npr and thereafter to the stable periodic solutions.

In particular, all solutions originating in B(0,a) converge either to the stable periodic, an
unstable periodic, or the normal state. For generic initial data 19 € B(0,a), the corresponding
solution converges to the stable periodic state, the only exceptional data lying on the codimen-

sion two and four submanifolds /\pri and Ny, respectively.

Remark 6.12. The description (6.57)-(6.58) of the unstable periodic solutions given in -
coordinates may be recognized as profile (5.16)-(5.17) given in the a-coordinates of Section

D.

Proof. Our approach here is generally to establish the claims of the theorem first for the
system of differential equations (6.48) or (6.56) ignoring higher order error terms and then to

broaden the claims to the full equations including the perturbations. Hence, we first note that
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in light of the smoothness of these higher order terms and the polynomial error bounds, the
perturbations are seen to be small in the C! topology in a small neighborhood of the origin,
i.e. for A, 35 small or equivalently, for R® small.

We begin our analysis by turning to the system (6.56). For convenience, let us denote
the quantity (R°)*> by A° and so view this system as one for 7¢ given by (6.49) and A° :=
161> + |55]7 . We list some simple observations:

e Elementary phase plane analysis of this system reveals that there exists a small positive

number r, independent of ¢, such that the triangle
T:={( A7) 0y [ <A <7}

is invariant for the flow (6.56) for all € sufficiently small. That the flow cannot exit the two

bottom sides of this triangle is trivial in light of the algebra

<2185 155] < 1551 + 155" = A°.
That the flow cannot exit the top where A® = r follows immediately from the fact that
(6.59) (A7) <2 (5 — Rex(A®) 4+ Ce(A°%) + C(As)Q) A® <0

provided that ¢ << A® and A° = r is small. Here C' is a positive constant coming from the
error bounds in (6.56).

e A further consequence of (6.59) for the full system (6.56) and its “parent” system (6.48)
is that if one starts with data lying in the triangle T, then the corresponding orbit will
exponentially approach a sub-triangle in which A® = O(g). The rate of approach may be
obtained by direct computation from the differential inequality (A®) < —C1(A%)?, Cy > 0.

e If one ignores the error terms in this system, then it is easy to check that there are exactly

four critical points located at

Rep) 00 and S (L)

=A%) = (0
(fy ) ( 2|ReX11|

and the Jacobian at each of these points is nonzero (see the next item below).
e Linearizing (6.56) about these four critical points, one finds: (i) The critical point near

(0 is stable, with two negative eigenvalues, as has been noted already in the proof

)
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of Theorem 6.8. This point corresponds to the stable periodic orbit arising from a Hopf
bifurcation. (ii) The normal state (0, 0) is unstable with a multiplicity two positive eigenvalue.
(iii) TRe |(il 1) are both saddles with one positive and one negative eigenvalue. The
negative eigenvalue corresponds to the eigenvector (41, 1).

e Not only do (%1,1) correspond to the stable eigendirections of the linearization about
m(:l:l 1) respectively, but in fact, the bottom sides of the triangle T', i.e. v* = +A® are
exactly the stable manifolds of these unstable critical points for the system (6.56) ignoring

error terms.

e Introducing s as the ratio 4¢/A%, we use (6.56) to calculate that
(6.60) s’ = —2Re YA%s(1 — s?) + O(eA° + (A%)?).

As a consequence, if one ignores error terms, then one sees the flow repels away from the
triangle’s lower sides s = +1 towards the manifold of PT-symmetric solutions and their
rotations, s = 0, i.e. towards v° = 0. We should note that since the flow (6.12) preserves PT-
symmetry, it follows that s = 0 must in fact be a critical point of (6.60) even with inclusion
of error terms.

Having noted these simple properties of (6.56), we next establish the existence of the unsta-
ble periodic orbits for (6.48) and hence for (6.12). As we shall see, these correspond precisely

to the two unstable critical points near +1,1) found above in the 7°A® plane. Let

Q\R exi1 \(
us first note that back in Section 5, we identified exact periodic solutions on the invariant
manifolds oy = 0 and ay = 0 for the equations (5.6)-(5.7) obtained by neglecting higher-order
error terms. In light of the relations (6.9) this corresponds to exact solutions (again neglect-
ing error terms) to (6.48) found along the manifold 55 = 4i/5. This, in turn, corresponds to
solutions of (6.56) for which ¢ = £A°.

The explicit formulas for these two unstable periodic solutions can be obtained by directly
solving (6.48) under the constraint 55 = £ifj and are given in (6.58). Note in particular
that the two equations in (6.48) for (35)" and (55)" reduce to the same equation under this

constraint. Their saddle-type instability follows from the observations listed above and in

particular from (6.60).
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In order to argue that these saddle-type periodic solutions persist with the inclusion of error
terms in (6.48), we define wj := (45 +i05) and w5 := (] — i/35) so that wi and wj are closely
related to the a; variables of Section 5 via the formulas w$ = /zel= ”m’\ltoz- for 7 =1,2.
We will describe how to find a periodic solution to the full system (6.48) nearby the solution
corresponding to ff = i35, (i.e. w§ = 0) for the truncated system. The same analysis can be
repeated to find the other unstable solution to the full system as well.

To this end, it is perhaps best to introduce a Poincaré map as follows: Consider (6.48)
without error terms and start with initial data wf(0), w5(0) such that Imw$(0) = 0 while
Rew$(0) is near //v/—Re x11 and |w5(0)| is small. We then measure the values of Re w$, Re ws
and Im w5 at the next time, say 7' = T'(w$(0),w5(0), ), at which the trajectory (w§(t),w5(t))
crosses the 3-plane {(wy,wz) € C x C: Imw; = 0}. Let us denote this map

(6.61) (Rewi(0),Rews(0), Imw;(0)) — (Rewi(T), Rews(T), Imws5(T))

by F¢ : R® — R3. Note that (\/: 0,0) is a fixed point of this map corresponding to the
exact unstable periodic solution of the truncated system satistying 57 = i35.

By converting (6.48) into a system for w5, j = 1,2 one can carry out a tedious but straight-
forward calculation to determine that when the Jacobian matrix of F* is evaluated at the

fixed point (\/%XH, 0,0), it takes the form

Fo0 0
(6.62) DF*= |0 e*cosb® —e* sinbf

€ . £
0 e% sind® e* cosb®

Here
c Re x I
M6:€_2€p, CLE:E< €X )pa’ bs:(ImAl_ngH)pa’

—Re X11 Re X11
and

. 27

Im x
Im At + Rexi

which we recognize as the period of the unstable periodic solution with error terms ignored.
Note that there is one eigenvalue of DF*® of modulus less than one, namely p°, giving one

stable direction to the map, while the other two unstable eigenvalues e® **° have modulus
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greater than one since a® > 0. Thus, one again sees the saddle-type instability of this periodic
solution from the perspective of this Poincaré map.
To argue that this picture persists under perturbation (i.e. under inclusion of the error

terms in (6.48)), we observe that the three eigenvalues of D(F* — I) take the form

41
Im )\1

2m
(Im /\1) (—Re XH)

(6.63) e+ 0(e%), (Rexiﬂmg)ﬁ O(e?).
Once we incorporate the error terms from (6.48) in our analysis, we use the fact that within the
O(y/2) ball where we are working, these O(e| 3> +]|3|°) error terms are necessarily O(£%/?) with
a contribution to the entries of the original Jacobian matrix DF¢ of at most O(e| 3> +|8]*) =
O(g?). Hence, again subtracting the identity to form the displacement map of the full system
including error terms, (6.63) guarantees that the differential of this map is still nonsingular.
Necessarily it then must still map a neighborhood of the original critical point onto the origin,
that is, there must still exist a fixed point of the map corresponding to F' perturbed by higher
order terms. What is more, the Jacobian matrix of this perturbed map evaluated at the fixed
point must still possess one eigenvalue of modulus less than one and two of modulus greater
than one so the saddle-type instability persists under perturbation for these periodic orbits.

It remains to establish the asserted global behavior of solutions originating in the H'-
ball B(0,a). We begin by describing the behavior in M® N B(0,Ca), where C > 0 is the
geometric constant of Remark 6.6, to be used later. As observed previously, the manifold
Npr € M? of PT-symmetric solutions and their rotations remains invariant for the full as
well as the unperturbed equations, and is locally attracting by (6.60). Likewise, the normal
state (8 = 5 = 0) is an equilibrium of the full system that is locally repelling. Since the
unstable periodic solutions correspond to hyperbolic, saddle-type equilibria of the associated
return map, with a single stable eigenvalue and a pair of unstable eigenvalues, we find that
they possess, for fixed e, a C* stable manifold of dimension one of the return map. Under time-
evolution, this induces stable manifolds N, 1 of dimension two within the center manifold, as
claimed.

The structure and attracting or repelling properties of N, 1 are difficult to determine outside

an e-neighborhood of the periodic solution, due to the fast, order one, angular flow relative to
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the order ¢ flow measured by the Poincaré return map. Thus, it would appear that a deter-
mination of the global structure in M*® N B(0, C'a) would require more complicated averaging
arguments outside the scope of the present analysis. However, we may finesse this point using
more elementary tools together with the special structure of our equations.

We first observe by (6.60) that for C' > 0 sufficiently large, the neighborhoods K4 of the
triangle T given by

(6.64) Ki:={(,A%) €T : s:=~°/A%satisfies |s £ 1| < C(e + A%)}

are invariant under backward flow of the ODE on the center manifold. Hence, by estimate
(6.57)-(6.58) showing that ||s|—1| < Ce along the unstable periodics, the stable manifolds NV, 1
of the unstable periodics are confined to K. In particular, they lie no more than C(e + A®)
from the sides of the triangle corresponding in 7°-A° coordinates to the stable manifolds of
the unstable periodic solutions of the unperturbed equations. Moreover, from (6.56), we see

that for (¢, A%) € K1 one has
(A%) =2(e — Re (Y + Q) A%)A° + O(e + A%)(A%)2.

Thus, for (7%, A°) € K. outside an e?-neighborhood of the critical point W(il’ 1) of the

e
X+X)

unperturbed 75-A® system, A° is strictly decreasing for A > m and strictly decreasing
for A® < m Hence in these regions, NV, 1 are graphs over their unperturbed counterparts

and O(e + A®) close to them.

It remains to treat the excluded e neighborhood in v%-A¢ coordinates of the critical point
m(il, 1) of the unperturbed °-A® system. By a straightforward computation, we find
that this neighborhood is contained in the image of an e-neighborhood in F°-coordinates of
the orbit of the order £'/2 amplitude unstable periodic solution (6.58) of the unperturbed
(¢-equations.

Indeed, a brief examination in (3°-coordinates shows that the v°-A° estimate is overly con-
servative (a result of the singularity in certain directions of the coordinate change between
the two coordinate systems). Changing to the more convenient w-coordinates, for which

lwi| = %, w5 = 0 corresponds to the unstable periodic orbit, and w5 = 0 its stable
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manifold, we find compute that
wile = (e + (Re xui|wi|* + Re xo|ws ) |wi| + Ole|w | + [w?]),
jwile = (e + (Re xu1|w3|* + Re xaa|wil) w5 + O(e|w | + [w?]?)

(cf. (5.10)—(5.11)). Using this system, we can check that as long as the deviations @] and @5

from the unstable periodic solution to the unperturbed system satisfy
e << |0f| << eV? and €32 << |@5| << €Y/,

the stable manifolds NV, 5 are graphs over their unperturbed counterparts (w§ = 0 in this case)
and all other solutions are repelled toward Npr since % |5| will be negative in this regime
while 4 |5| will be positive.

On the other hand, by our previous estimates on the orders of perturbation terms and their
Jacobians in the Poincaré return map F* given by (6.61), the Taylor expansion of this map

at the unstable fixed point corresponding to the unstable periodic, denoted here by p%, is
F(2) := Fo(p5 + 2) — pl = dF*(pl)z + N°(2,2) + ©°(2).

Here the quadratic order Taylor remainder term N€ is order

(6.65) Ne=O(|pill=[*), N2 =O(l2]* + [pfl]z))

and the term ©° which incorporates the perturbation term is order

(6.66) 6% = O(elpll + [p2P),  ©% = O(elpil® + Ipil")

in an e-neighborhood of ps.

Reviewing the standard invariant manifold constructions by fixed point/contraction argu-
ments (see, e.g., [3, 6]), we find that they yield existence and closeness in angle of these
manifolds to corresponding invariant subspaces of dF* on a ball about p5 for which the Lip-
shitz norm of the (total) nonlinear term N°¢+ ©¢ is sufficiently small compared to the spectral
gap of dFe(0) = dF¢(pS) so long as the norm of logdF® = log dF* is no larger than some
specified multiple of the spectral gap, as it is here, cf. (6.62). Here the spectral gap is defined
as the minimum distance between one and the modulus of eigenvalues that are not modulus

one. By (6.63), the spectral gap is greater than ne for some positive 7, while by (6.65)—(6.66)
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and the fact that |pZ| ~ €'/2) we have |NZ| + |03 < C(|z]? + &/2|z| + €2) = o(¢) as desired
for |z] << £'/2. Thus, we obtain a detailed “microscopic” description of the behavior of the

12 for n > 0 and sufficiently small. This

Poincaré return map on a ball about pS of radius ne
translates to a detailed description of NV, 1 and asymptotic behavior on an ne'/?-neighborhood
of the unstable periodic orbit, far more than what was needed (the excluded %/2-neighborhood
in w® coordinates or for that matter the excluded £* neighborhood in ¢, A° coordinates) to
complete the argument.

Indeed, though we do not need it, the faster decay in € of perturbation terms ©, ©, yields
uniform convergence of perturbed to unperturbed flow and stable manifold in “blown-up”
coordinates @ := w/c'/?, by the same argument.

Thus, solutions originating outside K1 remain outside, with s by (6.60) strictly decreasing at
an exponential rate. Moreover, if ever solutions leave K., they are attracted at an exponential
rate to the PT-symmetric manifold Npy corresponding to s = 0. On the other hand, solutions
remaining in K. sufficiently long must eventually enter the small neighborhood B. N K.,
after which solutions not on N, 1 must (by our microscopic description carried out in w-
coordinates) eventually leave. Piecing together this information, we find that all solutions
originating in M¢ N B(0, Ca) and not on the stable manifolds N, 1 of the unstable periodics
time-asymptotically approach the attracting PT-symmetric manifold Npr, as claimed. This
completes the description of asymptotic behavior within the center manifold.

By Remark 6.6, the C*° stable manifolds N, + within the center manifold, of codimension

two in M*® N B(0,a), extend to C* stable manifolds

Nyt = Uyen, . P~ (w) N B(0, Ca)

of codimension two in B(0,Ca). Consequently, for fixed ¢ > 0, (N, 4+ UN, _) N B(0,a) is
exactly the set of data in B(0,a) whose solutions converge asymptotically to an unstable
branch. Likewise, there is a C* stable manifold Ny := P.'(0) of the normal equilibrium, of
codimension four, containing all solutions originating in B(0, a) and converging to the normal
state. Finally, Npr has a C* stable manifold /\~/'pT = UweNPTPgl(w) of codimension one. By
Proposition 6.5, together with our description of asymptotic behavior on the center manifold,

we find that all solutions originating in B(0,a) outside the sets ./\~fp7jE and N are attracted
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to Npr (hence to the larger manifold Npp of solutions converging to Npr) and ultimately to
the stable periodic solutions or their rotations. This completes the description of asymptotic

behavior and the proof. O

Remark 6.13. An implication of Proposition 6.11 is that if one chooses complex initial
data (55(0), 55(0)) away from the special two-dimensional manifolds containing the unstable
branch, then there is a kind of phase-locking phenomenon whereby the flow (6.48) pushes the
solution towards a pair (55(t), 55(t)) which is a complex rotation of a real pair, that is, 7¢
tends to zero and the corresponding solution to (6.12) approaches a PT-symmetric profile.
On the other hand, it is not true that all solutions exhibit this phase-locking, as evidenced by

the existence of the unstable periodic solutions.

Remark 6.14. As noted parenthetically in the proof, a side-consequence of our analysis is to
rigorously validate the formal asymptotics of Section 5 by verifying convergence of perturbed
to unperturbed phase portrait on a ball of size /2 about the normal state, in “blown-up”
coordinates & = w/e'/? (equivalently, 8 := (/e'/?) equivalent to the a-coordinates of the

earlier section.

6.3. Bifurcation off of higher eigenvalues. We conclude this section by remarking on the
bifurcation situation off of higher eigenvalues. Recalling the notation (6.3), we fix any integer
¢ > 1, and set the parameter I" in (1.4) equal to Re Agp_1+¢. Then (1.4)-(1.5) can be rewritten

as

(6.67) Ve = L[] + N (¢, €)

All of the analysis of the preceding subsection, including the center manifold construction,
applies to produce the existence of stationary and periodic solutions to this system for I < I,
and I > I, respectively, cf. (6.2). The difference here is that for ¢ > 1, there will always
be a nonempty unstable subspace corresponding to A\; with 1 < j < 2¢ — 1. Hence, these
bifurcating solutions will always be unstable. As far as the center manifold construction is

concerned, the primary change is that the fixed point argument must now be applied to the
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integral equation
t
y(x,t) =T(u,e,y) := ethu+/ eI DT NG (y(x,7),€) dr
0

¢ o0
+/ 1IN (y(2,7),€) dr _/ MU N? (y(x, 7)) dr,
t

rather than (6.19). Here II, denotes the projection onto the unstable subspace and through
its realization as a contour integral

(6.68) eI, ::/ NN — Ly) 7 d),

u

(where I, is any bounded contour enclosing the finite number of eigenvalues with positive real

part) one establishes the necessary bound
||etL1HuHH1HH1 < Celh9t forallt <0

to augment (6.22)-(6.23).

7. PHASE SLIP CENTERS

The physics literature associates periodic solutions with the existence of phase slip centers
(PSCs), that is, zeros of the order parameter. Indeed, an immediate conclusion of the formal
calculation of Section 5, rigorously confirmed in Section 6, is that the leading order term in
the expansion for the periodic solution 1, to (6.12) along the bifurcation branch in the regime
I > I, has a periodic array of zeros at x = 0. More precisely, referring back to (6.46)-(6.47),
we see that the approximate solution £y (¢)vy(x) + Ba2(t)va(x), when evaluated at x = 0, has

zeros whenever the expression
Imy
] = Im\ + ———c+ O0(¥?) | t
cos|w®t] := cos {( m A\ e>~<€ (%)

vanishes, since v3(0) = i(u1(0) — u2(0)) = 0. In other words, there are PSC’s located period-
ically at (z,t) = (0,Tf), k = 0,1,2,... where Tf ~ L (7/2 + km). Since the actual solution
1, is uniformly close to B1v1 + Bav2, it follows that the two functions have the same Brouwer
degree in a neighborhood of the points {(0,75)}. Hence, we will rigorously conclude that

1, possesses an array of zeros close to the points {(0,7})} once we check that the degree of
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B1v1 + Bav9 is nonzero at these points. But a direct calculation of the Jacobian determinant

at these points indeed reveals that

8re

Jac (Brv1 + PBave) (0,T%) ~ Reuy(0).

TR dmA + e
A straight-forward numerical calculation of the first eigenfunction for the operator M (cf.
(1.9)), for which there are rigorous error bounds, shows that Re ) (0) # 0, with values ranging
monotonically from about —0.2234 for / = 12.5 down to about —0.3578 for I = 20. Hence,

we obtain a rigorous confirmation of a periodic array of PSC’s for the periodic solution.
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