Local Minimizers of the Ginzburg-Landau Energy
with Magnetic Field in Three Dimensions

Robert Jerrard!
Department of Mathematics
University of Toronto
Toronto, Ontario
Canada M5S 3G3

Alberto Montero?
Department of Mathematics
Indiana University
Bloomington, IN
47405, USA

Peter Sternberg?
Department of Mathematics
Indiana University
Bloomington, IN
47405, USA

Abstract.

We establish the existence of locally minimizing vortex solutions to the
full Ginzburg-Landau energy in three dimensional simply-connected domains
with or without the presence of an applied magnetic field. The approach is
based upon the theory of weak Jacobians and applies to nonconvex sam-
ple geometries for which there exists a configuration of locally shortest line

segments with endpoints on the boundary.
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1 Introduction

Based on the interplay between the magnetic field and a complex-valued
order parameter, the Ginzburg-Landau energy successfully captures a wide
array of phenomena associated with the behavior of superconductors. Of
primary interest in any model for superconductivity is the ability to predict
the behavior of vortices, mathematically defined as the zero set of the order
parameter and physically described as thin filaments holding magnetic flux
within a superconducting sample that are encircled by supercurrent. The
purpose of our investigation is to show how, in a certain asymptotic regime
and for certain sample geometries, the Ginzburg-Landau energy possesses
local minimizers whose presence corresponds to a somewhat surprising and
intricate stable configuration of supercurrents and vortices.

Given a sample geometry Q C R?, the Ginzburg-Landau energy depends
on an order parameter u : 0 — C and a magnetic potential A : R® — R3

and in a convenient non-dimensionalization, takes the form

G.(u, A) = /Q LIV — Ay + g (1~ )+ /R IV x A— HE | do
(1.1)
(cf. [12], [9], [35]). Here H;, : R® — R® denotes a given applied magnetic field
and % denotes the Ginburg-Landau parameter, a material constant. We will
take € to be small, an assumption placing our work in the so-called “extreme
Type-I1” regime for superconductors. Physically measurable quantities in
the model include |u|2, which corresponds to the density of superconducting
electron pairs, and V x A, which represents the effective magnetic field both
within and outside the sample.
Another physically important quantity is the supercurrent, given by the
quantity _
%(aVu —uVia) — |ul’ A.
In the case of no applied field, H;, = 0, note that the global minimizer of
G, is given simply by u = 1, A = 0, but physically interesting critical points
of G, are those which at least locally minimize the energy and for which the
supercurrent is nontrivial. The critical points we will construct in this article
share these two properties.
Our approach is based upon the asymptotic connection, for ¢ << 1,

between the reduced Ginzburg-Landau energy FE. given by

1 1
P) = [ 5IVuP+ 0= ) da (1.2)
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and the total length of the vortices. Stated loosely, this connection says that
for sequences of functions u. : 2 — C having zero sets of bounded total

length, one can show that

Bolue) ¢ length of {2 : u.(x) = 0}). (1.3)
Ilne|
for some constant C'. In the last few years, this relation has been developed
and explored by many authors including [2], [5], [10], [16], [18], [25], [28] and
[30].

Most closely related to this article is the work in [27], where (1.3) leads to
the construction of local minimizers to E. for small values of ¢ provided there
exists a collection of one or more line segments in €2 with endpoints on the
boundary that locally minimize total length. This geometric requirement
on the sample €2 can be verified for a general class of bounded, simply-
connected, nonconvex domains in R?, and it is the main purpose of this
paper to argue that the requirement is sufficient to produce local minimizers
of G as well, provided Hg, is not too large. The precise result is stated as
Theorem 4.2, which is the main result of this paper. In the situation where
H,, is independent of ¢, we also derive a London-type equation satisfied
asymptotically by the induced field, cf. Remark 4.4

Though technically it turns out to be the easiest case to handle, we wish
to emphasize the significance of our results in the case of no applied field,
Hg, = 0. The local minimizers that we find in this context correspond
physically to what are known as “permanent currents,” namely, stable su-
percurrents that can sustain themselves over very long periods without the
impetus of external currents or fields. The existence of such currents has
been well-known to physicists for years and their realization as local mini-
mizers of G. was demonstrated in [20], [29] and [22]. However, in all three of
these mathematical studies, and to our knowledge, in the treatments in the
physics literature as well, the examination of permanent currents has always
taken place in the context of non-simply-connected domains 2. Furthermore,
the local minimizers constructed in the previous three references contain no
vortices; that is, the order parameter does not vanish. For these reasons,
the case of stable vortex solutions locally minimizing GG, in simply-connected
domains in the absence of any applied field is particularly noteworthy. To
our knowledge, the only previous such existence result is the one found in
[23] where the authors use a perturbation of domain argument to obtain lo-

cal minimizers in a simply-connected perturbation of a non-simply connected



domain.

The primary tool in our analysis is the notion of weak Jacobians, a sub-
ject we review in Section 2 along with other relevant notions from the area
of geometric measure theory. For our purposes, we view the Jacobian of a
map u : 2 — C as a l-current, a geometric measure theoretic generaliza-
tion of a curve. More precisely, a 1-current is a bounded linear functional
acting on differential 1-forms (cf. (2.5)), and in [15], [16], [17] and [18], and
more recently in [1] and [2], this concept has been developed and applied
to Ginzburg-Landau theory with the Jacobian acting on 1-forms of compact
support in a domain ).

The most significant technical issue we must overcome in applying the
theory of weak Jacobians to G. is the extension of various estimates and
convergence results to the situation where the Jacobian acts on 1-forms whose
tangential but not normal components vanish on 0€2. This is accomplished in
Section 3, but to explain briefly what necessitates this extension, consider the
following relationship between G. and E., first exploited (to our knowledge)
in [6]:

Go(u, A) = Eg(u)—/j(u)-Adx

Q
1 2 2 1 e 2
+§/Q|u| |A| dm+§/Q‘V><A—Hap‘ dr.

Here j(u) := 5 (aVu—uVa). Note that for a smooth function, the quantity
%V X j(u) corresponds to the classical Jacobian. Clearly control of the energy
G, will lead to control of the energy E. provided one can handle the second
term on the right, that is, the only term on the right of indeterminate sign.
Recall now the Hodge decomposition that allows one to write an arbitrary
vector field A as A = V x B+ V¢ for some vector field B satisfying Bxv =0
on 02 and some scalar function ¢ (cf. Lemma 2.1). One observes upon
substitution of this decomposition into the relation above that the key term

to handle becomes
/j(u)-V X Bdzx,
Q

which after an integration by parts reduces to the Jacobian of u integrated
against B. Hence understanding the action of the Jacobian on these purely
normal vector fields becomes central to our investigation. This theory is
developed in Section 3 and in addition to serving our purposes in proving
the existence result of Section 4, we hope that the results of this section will

be of independent interest in future applications of weak Jacobians as well.
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The proof of the main result, given in Section 4, is reminiscent of the
scheme first laid out in [24] for using [-convergence of energies to produce
local minimizers in the context of scalar minimizers of E, . We refer readers
interested in background on I'-convergence to [7], though our treatment here
is completely self-contained. Again, the key assumption we make is that for
the I'-limit, in this case total length, there is an isolated locally minimizing
configuration of line segments spanning the sample Q C R3.

We suspect that no local minimizers of GG, can be found in convex do-
mains, for any value of e. This is the case for E., as was shown in [19],
and it is the case for G. when Q C R? in light of the results in [21]. In
fact, concerning the two-dimensional setting, the recent results of [33] show
that at least for small values of £, one cannot find local minimizers for G, in
any simply-connected domain. Finally, regarding the presence of the applied

field, H,,, which we assume obeys the bound

/Q HE|? do = of|Inef?), (1.4)

we view our results on 3-d local minimizers of (G, as a contribution to the
systematic mathematical analysis of the nature of stable critical points based
upon the size of the applied magnetic field, much in the same vein as was
carried out earlier for the two-dimensional problem in such works as [31]
and [32]. In the scaling we have chosen for the Ginzburg-Landau energy,
condition (1.4) corresponds to relatively weak fields, as opposed to the setting
of bifurcation from the normal state (u =0,V x A = H)) in 3-d examined
in such works as [14] and [26] where H;, ~ O(1/¢). Of course if H;, is too

large, then the only critical point is the normal state, cf. [13].

2 Preliminaries

Throughout this article, Q C R?® will denote a bounded, simply-connected
domain with smooth boundary. We begin by briefly introducing certain
concepts and notation from the theory of currents. We refer the reader to [11]
or [34] for more details. Throughout, we use H™ to denote n-dimensional
Hausdorff measure. We use B(x, R) to denote the ball in R* with center x

and radius R. We will denote the characteristic function of a set S by xs.



2.1 Forms and currents

For integers 0 < k < n, the space of Grassman k-covectors is denoted by
AF(R") endowed with the usual Euclidean norm |- |. A differential k-form
¢ on € is a mapping ¢: Q — A¥(R"). The space of C*® k-forms compactly
supported within € is denoted by D*(Q). Tts topology implies that ¢, — 0
in D*(Q) if and only if there is a fixed compact set K C Q with spt ¢, C K
and ¢, — 0 uniformly along with all derivatives of any order. We write
f#¢ to denote the pullback of the form ¢ by the mapping f. We employ
the notation ¢p for the tangential part of ¢ on 09, defined by ¢r = i#¢
where 7 : 90 — Q denotes the usual injection. In particular, this means that
ér(z) = 0if ¢pp(x)(v1 A ... Avg) = 0 whenever vy, ..., v are tangent to OS2
at x.

A k—current in € is a continuous linear functional on the space D¥(Q)
and the space of such k-currents is denoted by Dy (€2). We recall that the
boundary of a k-current T', denoted by 0T, is the (k — 1)-current defined by
the relation

0T (p) = T(dg) for all ¢ € D*1(Q),

where d¢ represents the k-form obtained by exterior differentiation of ¢. In
particular, we note that a k-current 7' has zero boundary relative to the set
Qif T(dp) = 0 for all ¢ € DF1(Q).

For T € Dy (), we denote the mass of T"in Q by

Mo(T) = sup T(¢)]. (2.1)
{¢€D*(): 19l 00 () <1}

In this paper we will typically write simply M (T) rather than Mq(T') when
no ambiguity can result.

A norm on k-forms whose dual will play a crucial role in what follows is

the C%%norm, for any a € (0, 1], given by

||¢||C’0,Q(Q) = max {SUI) |¢(x)| , sup M} )

(6%
e z,yeN |~”17 - y|

We also write

||d)|| 0,0 = ||¢||CO,Q(Q) if ¢ —0on aQ
e 00 if not,
and similarly
1Pl co o) = ||QSHCO’“(Q) if 7 =0 on 0N



We will use the notation C*(€2)* to denote the dual space of k-currents with

norm

1Tl gy = sup T(e)] (2.2)

{¢;Q—>A’“(R”);II¢H03’“(n)gl}

07
and analogously C72*(2)*. Note that ||T||C’8’°‘(Q)* < ||T||C%a(9)* for all cur-
rents 1. One of the main technical points of this paper is to strengthen
estimates involving the norm ||'||Cg’°‘(9)* to obtain estimates in the ||-||C%,Q(Q)*
norm.

Most prominent in our approach will be the class Ri(€2) of rectifiable,
integer multiplicity k-currents. Especially crucial will be elements of R;(2),
a geometric measure theoretic generalization of a Lipschitz curve. To describe
this class, let us first recall that a set I' C R™ is said to be 1-rectifiable if

[ =Ty U (UX,fi (7))

where H1(T'y) = 0, v; C R' and f; : 7; — R are Lipschitz functions. A
1-current T on 2 is said to be rectifiable and integer multiplicity if its action
on a 1-form ¢ € DY(Q) is given by

T(¢) = /F<¢(fv), 7(w)) m(z) dH" (2) (2:3)

where I' is a 1-rectifiable set, 7 is a unit vector orienting the approximate
tangent space T,I" and m is an HM-measurable, positive integer-valued func-
tion referred to as the multiplicity of the current. The notation (-,-) above

refers to the dual pairing of a vector and co-vector.

2.2 Weak Jacobians as 1-Currents

For concreteness we now specialize to 2 C R?®, which is the setting of most
of this paper. For a function u € W"?(Q; C), we write J(u) to denote the
two-form

J(u) = u¥ (dz) = duy A dusy

where u = u; + tus, and dx denotes the standard area form on the target
C. Tt is often convenient to identify J(u) with a 1-current, which we denote
*J(u), and which is defined through its action on 1-forms ¢ by

w(w)(é) = [6nI).



The current *J(u) can still be defined for u in certain Sobolev spaces below
WP for p < 2. To this end, we define the 1-form j(u) via the formula
1o 1
Jj(u) = = Z(ﬂun — Uly, )dxy = —(tdu — udi). (2.4)

21 21
k=1

where * denotes complex conjugation. We also define an associated 2-current
xj(u) that acts on 2-forms ¢ via xj(u)(¢) = [ ¢ A j(u). Note that |j(u)| €
LY(Q) for u € W2(Q; C) or Wh(€; S1). Then we define .J (u) = 30(xj(u)),
so that

wIw)(6) =5 [ do i (2.5

Q
for any ¢ € D'(2). One can check through integration by parts that this
agrees with the previous definition of x.J(u) when v € W'2?(Q). This is a
consequence of the identity J(u) = 3dj(u). In fact for u € W12(Q), the
two definitions of *J(u)(¢) both make sense and coincide for smooth, not
necessarily compactly supported 1-forms ¢ such that ¢r = 0.

At times we will also use the symbol x to denote the usual Hodge operator

x: AF(R3) — Az_1,(R®) defined by requiring that
(x¢,w) dzy Adry Adrs = pAw for all w € AF(R?), ¢ € A37F(R3).

With this notation, if B = 7 | B'da’ is a 1-form, then «dB is the vector
field
xdB = (B., — B2 )ei + (B,, — B. )es + (B2, — By )es,

where e;,7 = 1,...3 are the standard basis vectors.

Two simple but important consequences of (2.5) are that for any u €
Wh2(Q; C) UWh(Q; S') one has

O(xJ(u)) =0 relative to Q (since d*¢ = 0) (2.6)
and for any u,v € W?(Q; C') U Wh1(Q; S') one has
I (@)l oy < 6 /Q ()] d. (2.7)
2.3 Divergence free vector fields and Hodge decompo-
sition

In this section we describe a Sobolev space that will play an important role for

us. We also describe a useful decomposition for L?(2; R?) vector fields. Here,
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and in what follows, the norm of f € LP(Q;R®) (resp. f € WkEP(Q;R™)) will

be denoted by ||f||LP(Q;R”) (resp. ||f||Wk,p(Q;Rn))-
Let H be the completion of the set

{¢p € C°(R*;R®) : ¢ has compact support}

with respect to the norm [[V¢|| > gsga). It is clear then that H is a Hilbert
space. Let us define H, to be

Ho={¢ € H:divep = 0}.

We note here that J{; is strongly closed in H, and convex. It follows that J{,
is weakly closed in . Also note that, in Hy, the norm inherited from X is
equivalent to the norm ||V x ¢||L2(R3;R3). Finally, note that by the classical
Sobolev embeddings, the following inequality holds for ¢ € H:

||¢||L6(R3;R3) <OV x ¢||L2(R3;R3) : (2.8)

In several instances in this paper we will need a decomposition of a vector
field A € W2?(Q; R?) as A = Vx B+V¢. In such circumstances the following

lemma will be useful.

2.1 Lemma. (¢f. [5], Lemma A.5, Prop. Aj4) For any smooth, simply
connected domain Q C R® there is a constant C = C () such that for any
A e W2(Q;R3) there exists a unique B € WY2(Q;R3) and a function ¢ €
Wh2(Q; R) which is unique up to an additive constant satisfying

A=V xB+VéinQ, (2.9)
divB = 0 in (, Bxv=00n0Q and (2.10)
||B||W2,2(Q;R3) < |V x A||L2(Q;R3) : (2.11)

2.2 Definition. We will often use the notation
P(A):=V xB=A-Vo¢. (2.12)

2.3 Remark. Instead of writing P(A) = V x B for a vector field B such that
B x v =0 on 09, we can express P(A) in the equivalent form P(A) = xdB,
where B is a 1-form such that By = 0. Note that then we have

/(]P’(A),j(u)) _ /dB/\j(u) — 2% J(u)(B) (2.13)

for u € W?(Q; C), where boundary terms vanish because Br = 0. This is

the form in which we will typically use the Hodge decomposition.
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2.4 Remark. Note that ¢ minimizes the functional F(¢) := [, |A — V| d.
To see this, observe that the Fuler-Lagrange equation and natural bound-
ary conditions satisfied by the minimizer ¢ are div (A — V¢) = 0 in Q and
(A—V¢) v =0o0n 00 These are exactly the equations that characterize
the function ¢ of the above lemma, where the boundary condition is a conse-
quence of the fact that B x v = 0 on 052, which implies that (V x B)-v =0
on 0f2.

We will now use Lemma 2.1 to rewrite the Ginzburg-Landau energy G..

. . . . 1,2 .
Note that since div H;, = 0, there exists a potential A5 € W~ (R*; R*) such
that V x A7, = Hg,. Since this condition only determines A;, up to the
addition of a gradient of a scalar function, we take advantage of this freedom

to make a convenient choice of the gradient so that A7, satisfies
divA;, =0 inQ and A, -v=0 ondf. (2.14)

2.5 Lemma. Let v € W'?(Q;C) and let A : R — R® satisfy A— A, € Ho,
with A = P(A) + V¢ as in Lemma 2.1. Then

G.(e"v, A) =
P = [ @G0+ [ o PAP Y+ |V A= T, da
= G.(u, A). (2.15)

Proof. A direct calculation shows that
(V= id) (o) = [Vof = 2(B(4),5(0)) + [of [P(A)]*

The conclusion of the lemma follows by using this identity to rewrite the first

integral in the definition (1.1) of G., and then rearranging terms. O

We conclude this section with the following lemma that will allow us to
seek local minimizers of the more convenient energy §G. in order to establish

the existence of local minimizers of G.:

2.6 Lemma. Using the notation of Lemma 2.1, (v, A) is a local minimizer

of G. if and only if (e*v, A) is a local minimizer of G..

Proof. The proof is a straightforward verification. We need to check that
(v,A) — (e"v, A) is a homeomorphism of W'?(;C) x {A: A— A% € Ho}
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to itself. To see that it is one-to-one and onto, note that it has an inverse, i.e.
the map (v, A) — (e~*wv, A). To check continuity, fix (vy, A1) and (v, Ay),
and write A; = P(A;) + V¢; for i = 1,2. Note that by Sobolev embedding
and (2.11) we have

Hei¢1 _ ez’¢2HLoo (Q; (C) <C ||¢1 — ¢2||L°° (Q) <C ||¢1 — ¢)2||W2,2(Q) <C ||A1 - A2||W1,2(Q;R3) .

Similarly, we have

|1 — U2||L6(Q;<C) <Cllv - UQ“WL?(Q;(C) and  [|[V(¢1 — ¢2)||L6(Q;R3) <A - A2||W1s2(Q;R3)

Using the assembled estimates with Holder’s inequality and the fact that €2
is bounded, one easily checks that
IV e —vae®)| o < |V (01 = v2)e® o + [ (0 = 02) Vre™ || . +
+{[Vua(e? = €?)[| 1 + [[02V (61 = d2) | 2
< Cllor = o2l (U4 [[Ad][jy1.2)
+ C AL = Asflypa lvellypr -

This shows the continuity of (v, A) — (ve'®, A). The continuity of the inverse
follows by exactly the same estimates. O

3 Jacobian estimate and ['-limit revisited

The purpose of this section is to extend various Jacobian estimates as well
as the D-convergence results of [16] from the topology Co™*(Q)* to C3*(Q)*.

3.1 Extension of Jacobian estimates and I'-convergence

The first main result of this section is the following:

3.1 Proposition. Let Q C R be a smooth domain, and let o € (0,1]. Then
there are constants v > 0 and C(a, ) > 0 such that for any v € WH2(Q; C)
and any ¢ € (0,1) one has

0l geeye <€) (74 722 31)

This is an extension of an estimate from [16], in which essentially the same
result was established with the weaker Cy>*(©)* dual norm, rather than the

C2*()* dual norm. The statement of that result, which is needed for the
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proof of Proposition 3.1, is given in Lemma 3.5 at the end of this section.
We also give a sketch of the proof, since the exact estimate we need does not
explicitly appear in [16].

The other main result we establish in this section has a similar character:

3.2 Proposition. Let Q C R? be a bounded domain with Lipschitz boundary.
Suppose that {w.}.c1 C W (Q; C) satisfies the uniform bound E.(w,.) <
C'|Ine| for some C' > 0. Then there is a sequence e — 0 and a rectifiable

1-current J such that 0.J = 0 relative to €, %J 15 tnteger multiplicity and

limy o b+ (12,) = Tl gy = 0, (3.2)

E.(we) = M(J). (3-3)

lim inf,._,, ﬁ
Moreover, given any rectifiable 1-current .J such that 0.J = 0 relative to )
and %J is integer multiplicity, there exists a sequence {v.} C W2(Q; C) with
lve| <1, such that

lim [« (0) = oy =0 and lim|Ine|” E.(v.) = M(J). (3.4)

This is proved in [16] and [2], with the Cy**(Q)* norm instead of the
C%*(Q)* norm in (3.2) and (3.4). The point again is to show that the result
remains true when we allow test 1-forms for which the normal part does not
vanish on 0{2. We remark that, while a general I'-limit upper bound for the
Co™*(Q)* norm was first established in [2], the upper bound in all particular

cases needed for this paper was proved in [27].

3.3 Remark. We will normally omit the dependence of the energy on €2,
and write E.(v), unless it becomes useful to distinguish between different
domains. In such cases we will write E.(v;$2). A useful and easy estimate
can be derived as follows. Suppose we have two domains Q,, and a C*
diffeomorphism ¢ : Q; — Q. Assume also that Jg and Jg¢g~!, the Jacobians

1

for g and g~ respectively, are bounded away from zero in their respective

domains. A direct computation shows that there are constants C;,Cy > 0
that depend only on Jg and J(g!) such that for any v € W1%(Q; C) and

any € > 0 one has
OlEg(U; Ql) S Eg(Z, QQ) S OgEg(U; Ql) (35)

Here we are calling z : Q3 — C the function defined by z(y) = v(g(y)) for
Yy € QQ.

12



We now present the proof of Proposition 3.1.

Proof of Proposition 3.1. Fix any a € (0,1], v € W?({; C) and smooth 1-
form B satisfying Br = 0 on 0. The result (3.1) for Hélder continuous B
will follow by density.

Case 1. We start by analyzing the case of Q = B, (0,1) = B(0,1) NR?,
under the assumption that B = 0 in a neighborhood of {x € 0B, (0,1) : x3 >
0} . Once we obtain (3.1) in this setting, we will use a partition of unity and
a flattening of the boundary to get the result for general smooth domains €2.

First we define certain reflections of v and B. To this end, for x =
(1,29, 23) € B(0,1), set & = (x1,x2, |z3]). Then define

o(x) = v(T), (3.6)
i { B(z) for 2 € B, (0,1)

3.7
—B1 (i‘)dl‘l — BQ(i‘)dl‘Q + Bg(i‘)d.’l)g otherwise ( )

It is clear that @ € W'2(B(0,1);C). On the other hand, since By = 0
on 09Q, By and B, vanish on {z : 23 = 0}, and this implies that B €
Cy*(B(0,1); A'(R?)). Now, a straightforward computation shows that if
23 < 0 then B A J(9)(z) = B A J(v)(%), and as a result,

1 .
/ BAﬂMz—/‘ B A J(5). (3.9)
B4 (0,1) 2 [y

Since B € C%*(B(0,1); R*), we then find that

/ B A J(v)
B+(071)

By (3.6), (3.7) and Lemma 3.5, one then arrives at the inequality

E.(v; B4(0,1))
[ BAI0)| < ClBlnp o (2 + EEEEE) a9
B4 (0,1)

IIne|
which is (3.1) for the case under consideration.

<5l
-2

) ||*J(17)||cg’“(3(0,1))* :

Cy*(B(0,1

Case 2. We now consider a general domain 2 with smooth boundary
and any B € C*(Q;A'(R?)) such that By = 0 on d9Q. Let {U;}72] be an
open cover of Q with U,y; CC Q and 022 N U; nonempty for j = 1,...,n.
Let {1, ’;;2 be a O partition of unity subordinate to the open cover of R?
consisting of {UJ}’;LI and R* \ Q, and such that Z;L;l ¢; =1 in Q. Assume
further that the sets U; are such that there there exist C? diffeomorphisms

gj + B(0,1) — U, satisfying the condition ¢;(B4(0,1)) = U; N Q for j =

13



1,...,n; this can be arranged, since 0f) is smooth. We can further require
the g; to be such that Jg; and Jgj’1 are bounded away from zero in B(0,1)

and Uj; respectively and such that the first and second derivatives of g; are

uniformly bounded, j = 1,...,n. Now we compute
n+1
/ BaJw) =3[  &BAIW). (3.10)
Q o1 Jenu;

For the term with j = n 4+ 1 we can apply Lemma 3.5 to find

wn+1B VAN J(U)

Un+1

E.(v; Unt1)
C(e, Uns1) 1¥n1Bll oo o, ) {57 T (3.11)

<

since 9,11 B is compactly supported within U, ., C €.

Turning to the terms with 7 = 1,...,n, we fix any one 7 and reason as
follows. For convenience, we will suppress the subscript j below and write
for instance g for g;, etc. We first define z : B4 (0,1) — C by 2(y) = v(g(y))-
Writing QN U as g(B,(0,1)), we recall that J(v) = v¥(dz), so that

[ wBasw) = [ gtwBATW)
g(B+(0,1)) B+(0’1)
_ / g*(6B) A J(2) (3.12)
B+(0’1)

since g# (B A J(v)) = g* (¢¥B) A g% J(v) and g#J(v) = g#v¥(dz) = (v o
g)*(dx) = J(z). Here dx denotes the standard area 2-form on C.

We now claim (¢#(¢)B))r = 0 on the flat part of B, (0,1). To see this,
let ipp, : 0B, (0,1) — B,(0,1) denote the natural injection, and similarly
igq : 00 — Q. Recall that (g% (¢ B))r = i§B+g#(¢B). Since goigp, = ignog,

i, 9% (WB) = (g oiap,)*(WB) = (isn 0 9)*(¥B) = g*ill(vB) = g* (v B)r.

However (1)B)r = ¢ By = 0 by assumption, so our claim is established.

The additional fact that ¢ is compactly supported in U allows us to apply

(3.9) to (3.12) to obtain
Ec(z B4(0,1))
B < # B Y Y vy
[ B < Ol @B gnngr, oy (A e

E.(v;Q2N0)
Ine|

< C Bl oo ( + ev> . (3.13)

where the last inequality follows by (3.5) and the assumed smoothness of g.
Going back to (3.10) and using (3.11) we conclude that (3.1) is valid for all
B € C*(Q; R®) such that Br = 0 on 99). O

14



We now prove the other main result of this section, the extension of the
[-limit result of [16] and [2]. We employ arguments similar to those in the

proof of Proposition 3.1 above.

Proof of Proposition 3.2. First note that in view of [16], Theorem 5.2 (see
also [2]), whenever {v.} C W'%(Q;C) is a sequence satisfying F.(v.) <
C|lne|, we can conclude that there exists a sequence €5 and a rectifiable 1-
current J satisfying all conclusions of Proposition 3.2 apart from (3.2), and
such that ||xJ(v.,) — J||Cg,a(m* — 0 as k — oco. We must prove that (3.2)
holds as well. In both cases we consider below we will assume that such a
sequence ¢ and limiting current J have been selected.

Case 1. We again start by considering Q = B, (0,1). For every k we
define 7., : B(0,1) — C by reflection, as in the proof of Proposition 3.1. Then
E., (7.,; B(0,1)) < C|Inggl, so again appealing to results of [16], [2], we can
assume, after passing if necessary to a further subsequence (still labelled &y),
that there exists a rectifiable 1-current .J in B(0,1) such that

. —0 ask — oc.
Cy ™ (B(0,1))

H*J(ﬂgk) - j‘

Define
A:={B € C}*(B+(0,1); AY(R®)) : B =0 near dB,(0,1) N {z3 > 0},
||B||C%“(B+(0,1)) < 1}'

Given B € A, let B denote the extension of B to a compactly supported
1-form on B(0, 1) defined in the proof of Proposition 3.1 We claim that

J(B) = 2J(B). (3.14)

If B has compact support in B, (0, 1), this follows directly from letting

k — oo in the identity xJ(7;,)(B) = 2 x J(v,)(B), see (3.8). For general
B € A, consider a sequence {x} of smooth functions compactly supported
in B(0,1) that increase to the characteristic function of By (0,1). Then
applying (3.14) to the sequence {x;B} we have

2J(xkB) = J(xiB) = J(B) = J((1 - X¢) B). (3.15)

Now J € Ry(B4(0,1)), so 2J(xxB) — 2J(B) as k — oo. Then, by repre-
senting J as in (2.3), note that

lim J((1— xx)B) = /F (B(x),7(x)) m(z) dHV (z) (3.16)

k—o00
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where Ty := spt JN{z : 25 = 0}. We claim that this integral must vanish. To
see this, note that T is itself 1-rectifiable, so if H(Ty) > 0 then T can be
covered, up to a set of H'-measure zero, by a countable union of C! curves,
{T';}, with each I'; contained in {z3 = 0}. Away from a set of H'-measure
zero, the approximate tangent to I'yg at a point in I'y N I'; equals the tangent
to I'; and so necessarily is tangent to the plane. Since B = Bsdz; on the set
{x : x5 = 0}, it follows that (r(z), B(x)) =0, H" a.e. in I';. Consequently,
we may pass to the limit in (3.15) to obtain (3.14) for any B € A.

Since HBH . < 1 for all B € A, we can deduce from (3.14) that
Co*(B(0,1))

sup (xJ(ve,) — J)(B) = 1 sup (xJ (9.,) — J))(B)

BeA 2 BeA

< H*J(T)Ek) - j‘

— 0 3.17
Co ™ (B(0,1))" (3.17)

as k — oo.

Case 2 For a general domain Q with C? boundary, fix an open cover
{U;}5%] of Q, a partition of unity {¢;}7*}, and diffeomorphisms g; : B(0,1) —
U; satisfying the same conditions as in the proof of Proposition 3.1. For any
B € C7*(%),

n+1

(xJ (ve) = )(B) = Y _(xJ(v:,) = J) (1) B)

j=1
and so it suffices to show that

lim sup (xJ(vs)—J)(¥;B) =0

k—o0

1Bl 0.0 <1
T

for every j. For j = n+1 this is immediate, since v, 1 B has compact support
in 2 and satisfies ||wn+1B||Cg,a < C(Q) ||B||C%,a. We therefore fix some j < n
and for notational simplicity, we drop the subscripts and write for example
1 instead of ¢;. Let T" denote the current on B, (0, 1) characterized by

T(g%w) = J(w) (3.18)

for 1-forms w on U N 2 with compact support. Since g is a diffeomorphism,
T is a well-defined current on By (0,1); in fact T is the image of J under
g7', that is T = (g7 ") J, defined by T(¢) = J((g~")#¢) for 1-forms ¢ on
B, (0,1).

We also define z. := v. o g, and by using (3.18) and arguing as in Propo-

sition 3.1 we obtain
(xJ(2,) = T)(g* (¥ B)) = (xJ (v.,,) — J)(¥B)

16



for all B € C*. Since %.J(v.,) — J in Cy**()*, one readily verifies that

*J(2.,) — T in Cy**(B4(0,1))*. Tn addition, as seen in Proposition 3.1, the

tangential part of g7 (1) B) vanishes on the flat part of 9B, (0,1), and so there

exists some constant C(€2), such that C(2) '¢g# (¢ B) € A. Using (3.5) as in

Proposition 3.1 to bound E., (2.,), we can then deduce from (3.17) that
sup (% J(ve,) — J)(¥B) < C(Q)sup(xJ(z,) —T)(w) = 0

1Bllggia g <1 weA

as k — oo, and this completes the proof of (3.2).

Finally, given a 1-current .J such that %J is integer multiplicity recti-
fiable and 0J = 0 relative to €, Theorem 1.1 of [2] establishes the ex-
istence of a sequence {v.} such that limg_,q ||*J(ve) — J||Cg,a(Q) = 0 and
lim|Ine|'E.(v.) = M(J). It follows from the compactness results estab-
lished above that in fact .J(v.) — J in the stronger C»*(Q)* norm, and this
proves (3.4). O

We next give the version of Proposition 3.1 we will use later.

3.4 Corollary. Let a € (0,1] and 6 > 0 be given. Then there exist con-
stants C(a,Q,8) > 0 and go(r,Q,68) > 0 such that, for any v € W2(Q; C)
satisfying ||*J(v)||c%a(9)* >0, any ¢ € (0,1), we have

@) g < Clan2.0) ) (3.19)

Proof. Fixing any 6 > 0 and any a € (0, 1], inequality (3.19) follows from

Proposition 3.1 once we obtain a lower bound on the quantity in B (v |) based
on the assumption ||*.J(v )||00a(9)* > 0. That is, we assert the existence of
positive numbers €((d) and y(J) such that

@Eg(w > 4(0)

for any v € W'?(Q;C) with ||*J(v)||c%a(9)* > 0 and any 0 < & < g¢(9).
Were this not the case, we could find sequences v, — 0, &, — 0 and v, €
Wh2(Q; C) with ||*J(Un)||c%“(9)* > 0 satisfying
! E. (v,) <
o e, \Un) > Tn-
lne,| ™ 7

But then, by Proposition 3.2 (cf. (3.2)-(3.3)), we have xJ(v,) — J in
(C:*)*, and necessarily J = 0. On the other hand § < H*J(U")HC’%O‘(Q)* —

||J||C%a(9)*, which is a contradiction. O
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We end this section with the Lemma used in the proof of Proposition 3.1:

3.5 Lemma. Let Q C R, o € (0,1] be as above. Then there are constants
v >0 and C(a,Q) > 0 such that for any v € WH2(Q; C) and any ¢ € (0,1),

one has

I T legeqay < Claus) (=7 + T2 ). (3.20

In the proof of this lemma we use the C{(2)* dual norm on currents,
where CJ denotes the sup norm on continuous k-forms that vanish on 99;

note that this is just the mass norm.

Proof. We fix an a € (0,1], v € WH*(Q;C) and a B € C°(Q; A'(R?)). The
result will follow for B € Cg**(Q; A'(R?)) by density. It suffices to prove
(3.20) for B of the form B = Bsdzjz say, since the same arguments will
establish the result for Bydx; or Bodxs, and the general case then follows by
linearity.

We start by noting if B = Bsdx3 and v = vy + vy then

B /\ J(v) = B3(U1,m1U271-2 - u2)m1u17x2)d$

where the quantity in parentheses is simply the two-dimensional Jacobian
of the restriction of v to the plane z3 = const. In light of this observation,

we can integrate the inequality of Theorem 2.1 of [16] with respect to z3 to

obtain
Ee
[ Brsw)]| <o {51, + e Vel (321
Q Ine| =7 >
for some 3 € (0, 1]. Here
E
Ce=¢"+ “E—(UF for some v € (0, 1]. (3.22)
ne

We now appeal to Proposition 3.2 of [16]. Following the proof of this propo-
sition, but using (3.21) to keep explicit track of the constants arising in the
estimates, we get a decomposition of xJ(v) = Jy + J; where Jy and J; are

two 1-currents satisfying
[ollcgay < CO)C: and [ hllcgrqy < CO)C (3.23)
Consequently, we also have
||J0||cg*1(gz)* < C(Q)C: (3.24)
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and

[Nllco@y < [ollegy + 67 (0) leg (-

C{C’E—l—/ Vo dx}
< C{C.+E.(v)}
< C-CA{l+ |lnel}. (3.25)

IN

N

Then from an interpolation result (cf. [16], Lemma 3.3), one finds from
(3.23), (3.24) and (3.25) that

l—«

Mollggeoy < € (Mollegaar ) (IMollegagay) < €-Ce

and
l—« «
I illcpe@r <€ (Millegar ) (IMillogaay. ) < €+ Coll + imey'=oe?.

Then combining these last two inequalities, it follows that for some gy > 0

one has
[T ()l coe () < 1 ollgo gy + I T1llgoe )y < C - Ce
for all € € (0,2¢). In light of (3.22), we obtain the desired conclusion. 0O

3.6 Remark. Proposition 3.1 and Proposition 3.2 remain valid in arbitrary
dimensions n > 3, with essentially the same proof. In the general version
of Proposition 3.2, the limiting current J is n — 2 rectifiable. The proofs

differ only in that one would define & = (xy,...,2,_1,|2,|) and for B =

Zl§a1<~~~<an,2§n Badxaa

B(x)=— Y Ba(@)dza+ »  Ba(i)dz,

ap—2<n Qp—2=n

when z, < 0.

3.2 Necessity of the condition By = 0 on 02

In this section we have extended the bounds and compactness results of [16]
to the case where the Jacobian acts on 1-forms that have no tangential part
on the boundary. We conclude this section with an example to show that
these results cannot be extended to the case where forms are allowed to have

nonzero tangential part.
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We first construct an example in a two-dimensional domain, and then
use it to give similar examples in three and more dimensions. Note that for
amap u: R2 — C, Ju = du' A du? is a two-form on R?, so that xJ(u) is
a O-form, that is a distribution acting on scalar functions. Hence, in two
dimensions, the assumption By = 0 reduces simply to B = 0 on 0f2 for a
scalar function B.

For our example in the plane, let Q = B,(0,1) = {(z1,22) € R® : 25 >
0,]z| < 1}. More general domains can be reduced to this situation by a
suitable diffeomorphism.

The example will be built out of scalings and translates of a function
w that we now define. First, denote by p the point (0,1) € R?, and let
w € WH(R?; C) be a function with the following properties:

lw|=1 in R2 \ B(p, 1), w = e’ for some scalar 3 in R \ B(0,3),

w(p) =0, w(x)+#0 for x # p,
deg(w; V) =1 for any smooth open set V' such that p € VV

For instance, an explicit example of such a function w is easily built using
polar coordiates centered at p via w(re??) = p(r)e’?®), where for example,
p =min{r, 1}, and ¢ is defined by

¢(9)—{ 40 if —3r/4<0<—n/4

N —7m  if not

See Figure 1.

It is useful here to distinguish between the two-form Jw and the function
n = det Vw, where here we consider Vw to be a 2 X 2 matrix. Thus Jw =
n dxy A dxs. We claim that 7 is supported in B(p,1) and that [ Jw =
f ndzy Adzy = 7. Indeed, outside of B(p, 1), we can differentiate the relation
lul> = 1 to find that u} u’ = 0, which shows that u is an eigenvector of
Vu with eigenvalue 0, and hence that n = det Vu = 0. Then writing w as

w = pe'? (for ¢ multivalued) we can compute

1 , 1 : 1
/ szi/ dj(u)zi/ j(u)zi/ Vo-T=m7
B(p,1) B(p,1) 9B(p,1) 0B(p,1)

using the assumption on the degree of w.
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Next define w,(x1,29) = w(%, %). Note that by a change of variables,

1 1 1 1
/ §|Vw,5|2+—4 2(|w5|2—1)2 der = / §|Vw|2—|—1(|w|2—1)2 dx
R2 € R2

1 1
_ / Lvwl+ 2w - 12 do
R%NB(0,3) 2 4

= const.

for all £ > 0. Also, from the chain rule, Jw, = n.dzy A dx,, where n, =
e ?n(x/e). Note that {1n.}.cq) forms an approximate identity, and also
that, since 1 is supported in B(ep,e) C Ri, for any scalar function ¢ such
that ||(||co. < 1, one has

s
R_%_ B(ep,e)

=T - .drdTs
o+ [  con
=7¢(0) + O(e).

Thus, if we allow test functions that do not vanish on 9B, (0, 1), we observe

that
sup </ CJwE> ~ / e (w;) dx,
HCHCO!I(BJF(O,I))SI B+(0a1) B+(071)

(where we have denoted e.(w) := §|Vw.|* + 75 (|w.[* — 1)?), and there is no
gain of a factor of |Ine].

As a result, uniform energy bounds of the sort fB+(0’1) e-(w.) < C|lng|
do not imply any sort of compactness for Jw,., when acting on test functions
¢ as above. To see this, let k. := ||Ine|| (where |z] denotes the integer part

of ), and let

- 1 1
KIS
fort=0,..., k., and define
ke
We.(xy,x9) = ng(xl — S5, 13). (3.26)
=0

Then W, has k. ~ |Ine| vortices, all of them centered a distance € above the
flat part of 0B, (0, 1), and evenly spaced between x; = i and z; = %. (This
interval along the x; axis is chosen for convenience in our later construction

of examples in higher dimensions.)
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Each factor in the product that defines W, has nontrivial behavior in a
ball B, ((s5,0),3¢). Since these balls are pairwise disjoint, it is easy to see
that check that

ke

/ e.(W.) dz = Z/ e.(W.) = Ck. < C [Ine|.
B.(0,1) B1((s5,0),3¢)

1=

Also, JW, = Zfio ne(x1 — 85, x9)dxy A dxy, and so we have

sup / CIJW, dx =
<1JB(0,1)

”C”COJ(B+(O,1))
ke

sup Y / C(x1, 32) () — S5, 32)dwyday =
i=0 ¥ B+((5§,¢))

I€llco.1 (5, 0,1y 4=

sup WZCS 0)+O(e |ln5|)2g|lns|.

IKllcor (s, 0ans! i=o

We now demonstrate how to extend this counter-example to the three-
dimensional setting. Our example will be constructed on the domain Q =
B.(0,1):={z e R®: |z| < 1,23 > 0}.

It is convenient to use cylindrical coordinates, so we define
Ue(rcosf,rsing, z) :== W.(r, z)

where W, is the two-dimensional example defined by (3.26). Hence, U, has
a zero set consisting of k. circles of radius s;, ¢« = 1,..., k., all centered at
(0,0,¢), lying parallel to the z;z5-plane. See Figure 1.

Then

Vi-r2
/ / / / (r,2))rdzdfdr < C|lneg|.
B+(071)

Moreover, since we can write
U.=W.oq for q((z1,20,73)) = (22 + 222 25) = (r, 2),

we have (writing dy for the standard volume 2-form on C):

JU. = U (dy) = ¢*WH(dy) = ¢* Z Ne(r — 52, 2)dr A dz.
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Thus if we define B = xz1dxy — zodz, = r2df, since r dr dfdz equals the

standard volume form dx on R3, it follows that

2 V11— 1"2
/ BAJU. = / / / 7"77E r—s;, z)rdz dfdr
B+(0’1)

= 227238 + O(g|Inel) > |ln5|
=0
Hence, again we see that a logarithmic bound on the energy FE. does not
induce a uniform bound on the Jacobian if we allow By # 0 on the boundary.
See Figure 1. The example above can be readily extended to dimensions

larger than three as well.

(r ,6) centerdat (0,1) x3
X2

w=-1
| Ug| =1 putside thetori

¢=—m

x2

Inside each torus U ¢ behaves likew

0=-1/4

Domain of w Domainof U ¢

Figure 1: The functions w and U,

4 Existence of local minimizers

In this section we present our main result on existence of local minimizers
to G., based upon the asymptotic connection between the Ginzburg-Landau
energy and the length of vortices as laid out in the previous section.

Up to now, we have taken  C R® to be any smooth, bounded, simply
connected domain but now we make additional assumptions that will guar-
antee the existence of line segments serving as isolated local minimizers of
the T'-limit; that is, serving as local minimizers of length among curves with
endpoints on the boundary. Specifically, we assume that for some positive

integer N, there exist lines [y,ls, ...,y and a positive number R such that
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the collection of infinite solid cylinders {€p;}}_, with axis I; and radius R

satisfy the following conditions:

Cr,; N has only one component, (4.1)

@R,j N eR,k NnQ = @ for all] 7§ k, (42)
and in a coordinate system where the z3-axis coincides with /; one has

GR,jﬂQ =
{(x1, 9, 23) : 22+ 2% < R?, 2](21,22) < w3 < Lj + 25 (21, 22)},

(4.3)

for Lipschitz functions 2/ and zJ satisfying 2 (0,0) = 23(0,0) = 0. We have

introduced here the notation L; = HM(l; N Q). Condition (4.3) should be
viewed as saying that [; meets 02 transversely.

In order to establish the existence of local minimizers we must further
assume that the collection of line segments {/; N2} locally minimizes length.
To state this assumption more precisely, for each j € {1,2,..., N} let Crp,
denote the open solid cylinder of radius R and height L; with axis consisting
of [; N Q2. Let a;,b; € 02 denote the endpoints of the segments {; N 2. Then

we assume that for each j we have:
OR,Lj C Q and éR,Lj N o) = {ij,bj}, (44)

where - denotes closure.

A crucial step in our approach is the contention that the union of ori-
ented line segments joining the points a; and b; with arbitrarily assigned
multiplicities m;, viewed as a l-current, is a local minimizer of mass in
the C’%I(Q)*—topology among appropriate competitors in R;(€2). This was
accomplished in [27] in the topology Cg'(Q)* which implies that the re-
sult holds in the topology C'(Q)* as well. To state this precisely, for any
a = (my, ma,...,my) € Z" we denote by T; the above-mentioned multiplic-
ity m; 1-current supported on [; N Q and let Ty, = Z;VZI T;.

4.1 Proposition. (c¢f. [27], Thm. 4.5) Assume a bounded, open domain S
satisfies (4.1)=(4.4) for all j € {1,2,..., N} where N is any positive integer.
For any o € ZN, let T, € R,(Q) be defined as above. Then there exists a
positive number 6y = 0o(, L1, ..., Ly, R) such that for all T € Ry () with
dT = 0 relative to 2 one has

0 <|IT ~ Tullpns gy <6 = M(T) > M(T,). (4.5)
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We are now in a position to state and prove our existence result for G..
We assume that for any £ > 0, H;, : R® — R® satisfies the condition

1
limsup—2/ ‘ij‘Q dx = 0. (4.6)
|1n8| Q

e—0

Recall that since Hg, is divergence-free, there exists a divergence-free poten-
tial, denoted by A7, in the sense that H; = V x A; in R® where we take
A, to satisfy (2.14). Then we can establish the following result:

4.2 Theorem. Assume Q C R? is a bounded, smooth, simply connected do-
main satisfying (4.1)-(4.4) for some positive integer N. Let o« = (my,mo, ..., my)
be any element of ZN and let T, be the locally minimizing 1-current from
Proposition 4.1. Assume {H;,} satisfies ({.6). Then there exists an g9 > 0

and an open set O C Wh2(Q; C) x Hy such that, for each & < ¢, there exists
(U., A) € O satisfying

G.(Us, Ac + A7) < Ge(u, A+ Ay) (4.7)
for all (u, A) € O. Furthermore, one has
ll—{% ||*J(UE) — ﬂ-TaHC’%l(Q)* = 0. (48)

Finally, if H,, is independent of €, then A, converges in Hy to a limit Ay €
Ho which satisfies

1 1
5/M%+AW&M®+§ Vx AV x A=2eTo(B)  (49)
Q

R3
for all A € Hy, where B denotes the unique solution of xdB = A in (),
Br =0 on 09.

4.3 Remark. If one assume smoothness of Hg,, then the condition of local

minimality (4.7) along with standard elliptic regularity imply that in partic-

ular, (U,, A.) constitute classical solutions to the Ginzburg-Landau system:

1

(V=i + 43,)° U = S(UF - DU i@, (4.10)
Vv x A = 43UV~ UV = UL (A +4;)  inQ
0 in R*\ Q,

(4.11)

along with the boundary condition (V —i(A. + A7)))U: - v = 0 on 02 and
the condition that A, is of class C'* (though not in general C?) across 9.
(See, e.g. [21] for a regularity argument.)
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4.4 Remark. Condition (4.9) is the weak form of the Euler-Lagrange equa-

tions and natural boundary conditions for Ay given by

—AHU + (HO + Hap) = 7TTa in Q
—AH, =0 in R* \ Q
Hyxv =0 on 052
where Hy := V x Ay. Note in particular that the vortex line generates a

nontrivial magnetic field Hy even in the case of “permanents currents” where
H;, = 0. This is the 3-d analog of the well-known 2-dimensional London’s

equation.

4.5 Remark. We note that for any vector field A = (A;, Ay, A3) and u :
Q2 — C, one can define a gauge-invariant analog of the Jacobian via the

formula ;
2
u
Ta(u) = J(u) =Y Ak(%)xjdxj A day,
Joh=1
so that Jaive(eu) = Ja(u) for A,u,¢ € W2, Then one can easily check
that (4.8) holds for {x.J4_(U.)} as well.

Proof. We will find a pair (u., A.) so that (u., A. + Af,) is a local minimizer
of G.. If we then define
U, = el®=F%%)y,, (4.12)

where we are using the notation from Lemma 2.1, Lemma 2.6 will show that
(Ue, A: + A;,) is a local minimizer of G..

We begin by defining

L .
§ = 5 min {50, ||7rTa||C%1(Q)*}
where g is the constant given in Proposition 4.1. Then let us define the sets

T = {(u,A) € WH*(Q;C) x Hp : [|xJ (u) — 7rTa||C%1(Q)* <0} (4.13)
O = {(u,A) € W2(;C) x Hy : ||%J(u) — 7rTa||C%,1(Q)* <0} (4.14)
We will look for a local minimizer of G, in the set O.

From ([27], proof of Thm. 4.2), & is weakly closed in W12(Q; C) x 3,
and O is open. One may easily apply the direct method to the problem

inf G.(u, A+ A 4.1
(u}g)e?S(u + A3,) (4.15)
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to obtain a solution that we call (u., A.). The remainder of the proof consists
in showing that in fact, (u., A.) € O, so that (u., A. + A7) is truly a local
minimizer of G.. Thus, we will proceed by contradiction and suppose for

some subsequence (still denoted by {u.}) that the condition
|lxJ (ue) — ﬂTaHC%l(Q)* =9 (4.16)

holds.

We will reach a contradiction to (4.16) easily through an appeal to Propo-
sition 3.2 once we establish a bound on the sequence {E(u.)/ |lne|}. With
this goal in mind, we begin by estimating the energy of the sequence {(v.,0)},
where {v.} is the sequence whose existence is asserted in Proposition 3.2, sat-
isfying (3.4) with J = #T,.

First we claim that for any (u, A) € F, one has

Cla,Q,0) ||V x (A+ Agp)HL2 E.(u)
IIne| '

[ @+ Azp>,j(u>>\ < (4.17)
Q

To see this, we invoke Lemma 2.13 to write P(A+ A7) = xdB for B such that
Br = 0. Note that by our choice of 6, (u, A) € F implies [[*.J (u) |01 gy = 0.
This, (2.13) and Corollary 3.4 imply that

(4.18)

/ <P<A+Azp>,j(u>>\ < W@ et

< Cla, Q,9) |1( |) ||B||COa . (4.19)
ne
From here, (2.11) and the Sobolev embedding theorem give (4.17). In apply-
ing Corollary 3.4 it is necessary to choose a < 1/2, so that W?(Q;R?) C
CO(Q; R?).
Using (4.17), one finds that

0.0+ 4y) = Euv) = [ RUAG)I00 +5 [ ol [PA;

< Eg(?)g) 1+O HVXAPHLQ —|——/‘]P)(A
- |ln5| 2 Jq
Recalling from (2.11) that |[P(A p)me Q) C ||V x 4 pHL2 ) we then
deduce from the inequality above, along Wlth (3 4) and (4.6) that
G (v., 0+ AS,) = o(|Ine|?). (4.20)
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Also, observe from (3.4) that the sequence {(v.,0)} lies in F for € sufficiently

small and therefore we have
Ge(ue, A + Azp) < Ge(v., 0+ Azp). (4.21)

Combining this with (4.20) we conclude, in particular, that

IV x A" dz = 0. (4.22)

lim
e—0 |ln g|

We now employ (2.15), together with (4.6), (4.17) and (4.22), to deduce

that, whenever a function u satisfies ||J(u)||co,a(9)* > ¢, one has

Se(u, A + AS)) = E-(u)(1+0(1 / |u|?|P(A. +Agp)|2>g<)+ |V x A.|*dx
as € — 0, which we rewrite as
£ 1 >
Ge(u, Ac + AZ) = E(u)(1 4 0(1)) + 3 /(|u|2 —1)|P(A: + Aap)|2dx
/ IP(A. + A, |2>< + |V x A dx. (4.23)

Note also that for any u € W'%(Q; C), Hélder’s inequality and Sobolev
embeddings imply that

c 2
/Q (1= [uf’) [P(A. + AZ,)| da

<5<612/(1—|u| )(/\PA+AE dm)é

< Ce (E.(u) %/\VXA + He | da. (4.24)

For u such that (u, A.) € F, the argument of the proof of Corollary 3.4
shows that E.(u) > 1 for ¢ sufficiently small, and then (4.6), (4.22), (4.23)
and (4.24) imply that

5. (1, At Aly) = Bu)(10())+5 [ [PAAAL)HT A dr (425
as e — 0. Since (4.25) applies, in particular, to the case u = u., the inequality
G(ue, Ac + A3,) < G(u, Ac + Ag,) for (v, A.) €F

yields that

E.(u.) < (14 o0(1))E.(u) for all u such that |.J(u)— 7rTa||C%a(Q)* <0,
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where the o(1) term is uniform for u satisfying the above condition. In par-
ticular this holds for the sequence v, from Proposition 3.2, since as remarked
above, (v., A.) € F for ¢ sufficiently small. Thus, (3.4) implies that

Fo(u) < (1+0(1)Eo(v.) < (1+0(1)M(xT,)|Ine] (4.27)

as ¢ — 0, and the desired bound on {E.(u.)/ |[Ine|} is achieved.

Now we can apply Proposition 3.2 to find a subsequence u,, such that

1
*J(ue,) = Jin (C3N),  M(J) <liminf ——F. (u.,) < M(xT,)
er—0 |ln€k|
(4.28)

for some J such that J € R;(Q) with 8J = 0. Then the contradiction
hypothesis (4.16) tells us that

1] - 7TToz“c%l(Q)* =9,

so that
M(J) > M(rT,)

by Proposition 4.1. In light of (4.28), this is impossible, so we have arrived
at the desired contradiction.

Thus (us, A:) € O for all e sufficiently small, and so by Lemma 2.6,
(Us, Ac+ A)) is a local minimizer of G.. Since the argument can be repeated

for any ¢ < 6, we also deduce that
lli% ||*J(u€) — 7TTa||C;J1,1(Q)* =0. (4.29)

To derive (4.8) from (4.29), note that in light of (2.5),(4.12) and (4.26),

a direct calculation (using the notation from Lemma 2.1) shows that

||xJ (us) — *J(UE)HC%J(Q)* < H|Ua| 1HL2 ( |V¢E||L2 R T HV¢ pHL2 QR3)>

< Ce |lne|? (||v¢€||L2 ams) [ VOl QR3)>(4.30)
As a consequence of Lemma 2.1, (2.8) and (4.22), we have
IVO:ll2amsy < IAcllr2msy + IB(A) 2 qme)
<OV % Al gy = olln=l).  (431)

Then utilizing the identity V¢;, = A7 —P(AZ,) and (2.14), we also see that

V6l oy = = | P45 - Ty < [P sy (96503
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Hence, by (2.11) and (4.6), we obtain

962 |sgamey < C 18 2qomey = olline) (4.8

as well. Together, (4.31) and (4.32) applied to (4.30) allow us to conclude
(4.8) from (4.29).

Finally, assume that H,, is independent of . It is not hard to see that
the first variation of G, in A, yields

/Q 1o [PP(A + Agy) P(A)da+ | Vx AV x A dz —25J(u)(B) = 0 (4.33)

R?)

for all A € H,, where B satisfies xdB = P(A) and Br = 0. We will obtain
(4.9) by taking a limit as ¢ — 0 in this last identity once we can establish
the compactness of the sequence {A.}.

To this end, we use (2.15), (4.17), (4.24) and the fact that E.(u.) <
C|Ine| to obtain

Sa(uaa AE + Aap) - EE(UE)

1
= [P+ i+ 5 [ (g bR PO+ A 49 AP i
Q 2 rR3 L

1
—— [+ An) i)+ 5 [ (XA A 41V < AP do o)
Q 2 R L Q
1
> —C ||V X (AE + Aap)HL?(Q) + 5 ||v X Aﬁ“i?(ﬂ@) + 0(1)
1
> —C||V x AEHL?(Q) + 2 IV % AEHi?(R?’) - C. (4.34)
In addition, again appealing to (2.15), (4.17) and (4.24), we find that
Sa(uaa AE + Aap) - Ea(ua) S 95(“57 Aap) - Ea(ua)
, 1
= (@) i) + 5 [ ) P
Q 2 Ja

< OV x Agllz2(0) + CIIV x AgplZ2 () +0(1)
< C.

Together with (4.34), this implies that
||V X Aa||L2(R3) = ||AE||3{0 S C (435)

for all e.
Thus after passing to a subsequence (still labelled A.) we can assume
that A, — Ay weakly in Hy. Furthermore, from (2.11) and (4.35), one sees
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that {PP(A.)} is uniformly bounded in W'?(Q; R?), allowing us to extract a
strongly convergent subsequence in L?(Q;R?). Next observe that the bound
Ge(ues, A + A;)) < Cllneg| yields the strong L?-convergence of luc|® to 1.
This, plus the fact that .J(u.) — 77T, in C2*()*, allow us to pass to the
limit in (4.33) to obtain (4.9).

Note for future reference that, due to (2.11) and (4.35), the 1-forms B,
satisfying (B.)r = 0 on 02 and xd B, = P(A,) are uniformly bounded in W22,
Thus, for the chosen subsequence, they converge in C% for all @ < 1/2 to a
limit By, characterized by (By)r = 0 on 0Q and xdBy, = P(Ay).

All that remains to prove is that the convergence A, — A, is in fact
strong in Hy. To see this we first choose A = A, in (4.33). Keeping in mind
the convergences proved in the previous paragraph, we let £ — 0 in (4.33) to
obtain

lim [ |V x AL]? = 25T0(Bo) — / (Ao + Auy) - P(4o). (4.36)

e—0 R3 Q

Next we choose A = A in (4.33) and again let ¢ — 0 in that equation.
In this case we obtain

IV x Aol = 27T (By) — / P(Ao + Au) - P(4o).  (4.37)
R3 Q
Comparing now (4.36) with (4.37), we deduce that

lim || A.[lyc, = [ 4olly, -

Hence, A, — Ay strongly in H,y along a subsequence.

Finally, we note that the limit A, is uniquely determined by (4.9) as can
readily be checked by assuming to the contrary that there are two solutions
Ag and A; and choosing A = Ay — Ay in (4.9). Hence, the convergence of
A, — Ap occurs along the whole sequence as ¢ — 0. O

We end this section with a proposition that yields information on the
location of the vortices of the local minimizers {(U, A.)} to G. we just
constructed. Its proof was suggested to us by G. Alberti and is very similar
in spirit to that of Lemma 3.6 from [2]. For the purposes of this proposition

let us introduce the notation

S — {er: U (2)] < %} (4.38)

N(S;; ) for the d-neighborhood of the set S, and Ty = U;V:llj N Q, where

[; N Q are the line segments constituting the support of T,.
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4.6 Proposition. Let {(Us., A.+A;)) }o<e<z, be the family of local minimizers
of G. given by Theorem 4.2. Then, for any d > 0 there is a number ; €
(0,20) so that for 0 < & <&y one has

Ty € N(S.;6). (4.39)

4.7 Remark. The proof below works equally well for the case of the local
minimizers to E. constructed in [27]. Hence, condition (4.39), coupled with
Theorem 5.2 of [27] establishes full Hausdorff convergence of the zero set to

the union of line segments away from the boundary in that context.

Proof. Since by (4.12), we have |U.| = |u.|, it will suffice to establish (4.39)
with U, replaced by u. in (4.38). We begin by defining p. : 2 — R as any

sequence of smooth functions satisfying 0 < p. <4 in 2 and

1 1
pe(z) = @] whenever  |u.(x)| > 3"

Recalling the definition of the 2-form J(u) as
J(u) = u™(dz) = duy A dus,

it is easy to check that

1 .

J(p-uz) = J(u:) — §d ((1 - P?)] (ue)) ) (4.40)
where j(u.) = %(ﬁgdug — ucdu,) and d is the exterior derivative. We claim
that

[T (ue) = J(peue))ll ot ) — 0 (4.41)
as € — 0. To see this note that (4.40) and (2.5) imply that
(70 = Tpu ey <€ [ 1= g2l de. (42
We now estimate the integral on the right hand side of this last inequality
as follows:
[l-slliwiar < [ jr- 2l des [ 1= 2]l do
Q Q\Se Se
<

C’/ 1 - |u5|2‘ |Vu.| dx+/ |Vu.| dr.(4.43)
Q\S. s

We used here the fact that p. is uniformly bounded and that |j(u.)| < |[Vue|,
since |u.| < 1. (The latter inequality follows from the maximum principle
applied to the equation satisfied by |U,5|2 derived from (4.10).)
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We now apply Hélder’s inequality to (4.43) to obtain

(Ee(ue))

On the other hand, we can estimate H® (S.) using (4.27) as follows:
1 2

M
(S

/Q 11— 22| [j(u)]| de < eE.(u) + (HO (S.)

6—2H(3) (S.) < = (1-— |u5|2)2 dx
Se
2
< S (= |uf)do
" Ja
< 2E.(u;) < Cllne].

From here we conclude that

/ 11— pZ| |j(u.)] dz < Ce|Ing|
0

and this implies (4.41) through (4.42).
We now proceed to prove (4.39). Were this not the case, there would be
a d > 0, a sequence ¢, — 0 and z, € I'y with

z, € Do\ N(S.,;9).

Then we can always find an x5 € Iy and a subsequence of the z,, (still labeled

x,) with z, — . By assumption,
{B(z,,0)nQ} NS, =0.

Clearly then, for n sufficiently large, we have

(5 () no} 5. =,

which is the same as saying that |u., ()] > % for all z € B (29,2) N Q.
This implies that |p., u.,|=1in B (xo, %) N <. Now take ¢ to be any 1-form
supported in the set B (1,‘0, %) NQ such that T, () # 0. This can be achieved,
for instance, by taking v of the form ¢ = f dx3 where f is any non-negative
function in C§° (B(zo,2) N Q) and the coordinate direction x3 corresponds
to the direction of one of the lines [;. Then (4.41) implies that

lim x (J(ue,) = J(pe,ue,)) () = 0.

n—o0

However, *J(pe, ue, ) (1) = 0 because p., u., is smooth and has modulus one

in B (:UU, g) N €2, whereas from Theorem 4.2 we have

lim *J(u.,) (1)) = 7Ta (1)) 0.

n—oo

This contradiction then confirms (4.39). O
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