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When cooled below a certain critical temperature, a superconductor under-
goes a phase transition from the normal state to the superconducting state,
in which it can support electric currents without resistance.
ence of an applied magnetic field acting on the superconducting material,
the critical temperature associated with this phase transition decreases. The
problem we study is one example of this phase transition between normal
and superconducting states. In recent years, numerous authors have under-
taken the mathematical study of this phase transition on a fixed sample in
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the asymptotic limit of large field starting from the Ginzburg-Landau model
26], including, for example, [1, 2, 10, 11, 16, 17, 18]. In another vein, there
have also been many studies of this phase transition taking place on a thin
domain subjected to a fixed order 1 applied field, i.e. in the asymptotic
regime where a two-dimensional or three-dimensional domain collapses to a
one-dimensional curve. This interest goes back to the observation by physi-
cists, [15], that when a thin superconducting ring is subjected to an applied
magnetic field, the critical temperature/applied field relationship is an os-
cillatory one. The behavior is now referred to as Little-Parks oscillations.
Mathematical studies of Ginzburg-Landau is this asymptotic regime include
21, 22, 24]. More generally, there has been interest in the question of how
elliptic variational problems behave asymptotically as domains collapse onto
one-dimensional graphs, see e.g. [13, 14].

The situation we treat here, however, stems from the formal work of [20]
in what is perhaps the first and only mathematical study of the asymptotics
associated with this phase transition in the double limit of thin domains sub-
jected to large applied magnetic fields. Using formal asymptotic expansions
to analyze the Ginzburg-Landau system in this setting, the authors of [20]
predict that the eigenvalue problem associated with this transition is altered
by the addition of a potential related to the applied field. The purpose of
this paper is to make rigorous some of the results in [20]. A second article,
[25], will pursue the problem of full I-convergence of the associated energy.

To arrive at the relevant eigenvalue problem one begins with a non-
dimensionalized version of the Ginzburg-Landau energy

6w &) = [ (|7 =il + Gwp - p2?) do

+ o7'%%? | |VxA—-B|*dz.
R3
(1.1)

cf. e.g. [23]. Here U C R? denotes the region occupied by the sample (where
we have non-dimensionalized with respect to a characteristic diameter of the
sample so that U is of diameter O(1)), ¢ : U — C is the complex-valued order
parameter, Be : R? — R3 is the applied magnetic field and A : R? — R3 is
the magnetic potential whose curl corresponds to the effective magnetic field.
The parameter  is the Ginzburg-Landau parameter (not to be confused with
k = curvature in Section 2) and ¢ is another material parameter. Neither will



play a role in the analysis and o will henceforth be set equal to 1. The utility
of this particular non-dimensionalization is that it retains the temperature
dependence within the parameter p?. This parameter is proportional to
T.(0) =T where T is temperature and 7..(0) denotes the critical temperature
of the afore-mentioned phase transition in the absence of any applied field.
Since we will be studying the energy in the presence of an applied field, it
is understood that we are in the regime 7' < T.(0), i.e. p?> > 0, and that
T.(Be) < T:(0).

The normal state in this description is given by the pair ¢ = 0, A=
A, where A, is the applied potential satisfying the condition V x A, =
B.. The phase transition associated with the onset of superconductivity is
then characterized by the value of y? (hence, of temperature) at which this
normal state loses stability. A routine calculation of the second variation of
G, A) about the normal state then leads one to an eigenvalue problem that
determines the value of 42, and hence of the critical temperature, at which

onset occurs:
J2(By) = fU — AV dx.
¢ w [, P da
Here we make two assumptions that distinguish our investigation from
most earlier works and set it in the context of [20]. First, we assume the
sample domain U is in fact a sequence of domains {U.} consisting of e-
neighborhoods of a limiting simple closed curve in a manner to be made

precise in the next section. Second, we assume the given applied field B
takes the form

(1.2)

5B

€
for a given arbitrary and e-independent field B having potential A. This
leads us to the object of our study, namely the asymptotic behavior of the
following sequence of eigenvalue problems:

A= inf  E.(¢), (1.3)
peH (Us)
»Z0
where f (v ¢|2d
E.() = 2 — el 1.4
(w) fUE ‘w‘de ( )

After breaking the given applied field B into components B;, By and B3
lying along the tangent, normal and bi-normal to the limiting curve respec-
tively, and doing the same for its associated potential A, our main results



consist of showing that the eigenvalue A\. and corresponding first eigenfunc-
tion are drawn asymptotically towards the eigenvalue and first eigenfunction
of the 1-dimensional Rayleigh quotient

_ Jo 10— iBuf? + glys)|ul*dy,
foL |u|2dy,

Here L is the length of the curve, (. is given by (2.13), and the potential
g : [0, L] — R is given by

G (u) : (1.5)

o) = ¢ (Bl 0,00 + 1 (Bolyn, 0,00 + 1(Bo(r, 0,07 (L6)

(See Theorems 4.3 and 4.4).

The techniques involved come from dimension reduction and I'-convergence.
One factor complicating the analysis here is that as e — 0, the eigenvalue and
eigenfunction rapidly oscillate, that is, the Little-Parks oscillations still pre-
vail. This often necessitates passage to zero along convergent subsequences
{8}

In the second section we formulate the problem in terms of coordinates
given by the Frenet frame of the limiting curve. In the third section we
establish some preliminary estimates and then in the final section we present
proofs of the main results.

2 Formulation of the Problem

We begin with a precise description of the shrinking domains {U.}. To this
end, let r : [0, L] — R3 be a simple, closed C? curve parameterized by arc
length and let t be the unit tangent vector, n the unit normal vector, and b
the unit binormal vector. The triple {t,n,b} forms a Frenet frame for this
curve. We define a thin neighborhood U. C R?® of the curve r as the image
of the cylinder

Q. ={(21,22,23) : 0 < 2 < L,0 < 25 + 23 < &%} (2.1)
under the mapping

T(Zl, 29, 23) = I‘(Zl) + ZQII(Zl) + Zgb(Zl). (22)



That is, U, = T'(§2.).
We will consider the following Rayleigh quotient

IV = i)y

E.(Y) = 2.3
( ) ng |'¢|2dx ( )
and its corresponding first eigenvalue
Ae = inf  E.(¢). (2.4)
YeH (Ue)
$£0

We recall from the introduction that v : U. — C is the order parameter, and
A : R?® — R3 is the applied magnetic potential related to the given applied
magnetic field B through V x A = B. We take B : R* — R? to be a C?
vector field defined.

Using the mapping 7" given in (2.2) along with the Frenet equations, we
can express the gradient of a function, the divergence of a vector field and the
curl of a vector field defined on the (z1, 22, 23) coordinates as follows. We will
use k and 7 to denote the curvature and the torsion of r, respectively. For
any smooth scalar-valued function v = (21, 29, 23) and any smooth vector
field F(z1, 29, 23) = Fi(21, 29, 23)t + Fo(21, 22, 23)n + F3(z1, 22, 23)b, we have
following the identities :

1
V¢ = 1 e (01w + ’7'2’382’(# — TZgag’gb)t + 82’¢Il + 83wb (25)
- 2
1
VF = (31F1—TF2)—|—82F2—{—('33F3
1— Kz
TZ3 TZ9
‘|—1 ~ k7 82F1 — 1 I{Z263F1 (26)
VxF = (82F3 — 83F2)t
1
+ (83F1 - O F;
1— Kz
TZ3

82F3 + 1 T2 83F3 - T Fg)ﬂ

_1—H22 — K2 1 — K2y
1
+ O Fy — OhF + — 2 OyFy — — 29, F
1 — K2 1 — Kz 1 — Kz
K T
— F — F; )b 2.7
1— k2 ! 1 — Kz 3) (2.7)
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Here we use the notation 9; to denote 8%1, ete .
Though A and B are defined throughout R3, in the region €. we can
write A and B in the (z1, 29, 23) coordinate system, that is

A(21, 20, 23) = A1(21, 22, 23)t(21) + Az(21, 20, 23)0(21) + As(21, 22, 23)b(21),
B(Zl, 29, 23) = Bl (Zl, 29, Zg)t(Zl) + BQ(Zl, 29, 23)11(21> -+ Bg(zl, 29, Zg)b(Zl).

From (2.7) and the relation V x A = B, we have the following

Bl = @2A3 - 83142 (28)
B2 = 63141 - 81143
TZ3 TZ9 T
— Oy A O3A3 — A 2.9
1—/1z223+1—/@2233 1— Kz 2 (2.9)
1
Bg - (91A2 - 82141 (210)
1— Kz
L R oy L T, Ny P Sy P —
1— k2 — K29y 1— k2 1 — Kz

Let us now write the Taylor expansion of A about the curve r as

A(z1,29,23) =
(A1(21,0,0) + 220541 (21,0,0) + 230541 (21,0,0) + Ry ) t+
(Az(21,0,0) + 2005 A5(21,0,0) + 2305A42(21,0,0) + Ra)n+
(Ag(Zl, 0,0) 4+ 2202 A3(21,0,0) + 2303A43(21,0,0) + Rg)b

(2.11)

where the remainders Ry, Ry, R3 are of order O(23 + 23).

Applying the Taylor expansion (2.11) and (2.5), we write out E.(¢) in
(21, 22, z3)-coordinates. To compress the notation we will write Ay, Ay, A3 and
0;A; (i=2,3,j=1,2,3) below to denote A;(21,0,0), A2(21,0,0), A3(21,0,0)
and 0;A4;(#1,0,0) (i =2,3, 7 =1,2,3), respectively. We will also use A, to



denote the quantity 1 — kzs.

B Jo. M| 25 (000 + 723000 — T200310) — L( A1 + 220,41 + 230541 + Ra) ¢ e
Jo. AslU[2dz
Jo, Mz|02t) — L(Ag + 2005 A0 + 2305 A3 + Ry) ¢ "z
" Jo MJoPd:
Jo Mz|0st) — L(As + 200, A3 + 2303 A5 + Rs) ¢ e
+ N . (2.12)

It will be convenient to rephrase the Rayleigh quotient through a further
change of variables. First, we choose k. be the closest integer to the number

L A1 (t,0,0 .
(% 0 %dt). That is,

1 [MA L
k. — — Mdt‘:min ;{;_i/ Mdt"
2m Jo € kEL 2m Jo 3
Then set Loy )
1 [ Ay(L,0,0 o
— (= ABDT ) T 2.1
oo (1 [ A0 o o
For any ¢ € H'(€.), we set
(21, 29, 23) = (T (21, 29, 23)) €% (2.14)

where the phase ¢. is given by

_ [T A0,0)
b = /0 (AE00 g

£
2

1 2
—|—g (ZQAQ(Zl, 0, 0) -+ ZgAg(Zl, 0, O) + 25282/42(21, O, O) -+ %03143(21, O, 0)

1 1
+5222383A2<21, O, 0) + 5222382143(21, O, O)>

Because A;, Ay, Az are periodic functions of 21, as is ¢, we note from
(2.13) that % is also a periodic function of z;.



Applying (2.14) to (2.12), we obtain an equivalent new functional E. :
H'(Q.) — R. From here on, we use By, By, B3 to denote B;(z1,0,0), By(21,0,0), B3(z1,0,0)
respectively. Hence we have

2

) Joo, M| s (81 + 72305 — T2285) 0 — T%Q@ﬁ +i(2Bs — 2By + R) | dz
fﬂg AZW‘ dz
Jo, Ma|0ot) + L (32381 — Rg){&fdz
! ng AZ|J|2d'Z
Jo Mo|05h — £ (3B + Rg)ijzdz
+ I , (2.15)
where in the first integral
R(z1, 20, 23) = QLAZ <z§(916?2A2(z1, 0,0) + 230105 A3(z1,0,0)

—{—22238183142(21, 0, 0) + 222’38182143(21, 0, 0))
T
_Q_AZ(Z% + Z?%)Bl(zb 07 0)
—Rl(zl, 29, 23). (216)

Note that R is of order O(z3 + 23).

Finally, it will be convenient to consider the Rayleigh quotient on the
fixed domain (i.e. one independent of €). To this end, set Q = {(y1, y2,¥3) :
0<wy <L,0<y2+y? <1} and change the scale in the variables z, and 23
by :

z9 Z3

Y1=2, Yo=—, Ys = —, (2.17)
£ £

u(yr, Y2, ys3) = (21, 22, 23). (2.18)



This leads to a new equivalent functional F. : H(2) — R :

Fo(u) =
Jo Ay| 5 (01 + Ty302 — Ty205)u — Aiyﬁgu +i(y2Bs — ysBa + L R(y1, €40, €43) )u 2dy
Jo Ayl dy
Jo A (5ysB1 — 1 Ra(y1, €v2, eya))urdy
" Jo Ay
Jo A — (39281 + 2 Rs(y1, €vs, €y3))urd9
N TApPa , (2.19)

where A, := 1 — erys.

From here on the notation 0; now denotes 8%1, etc. Observe that the
remainders R(yi, €y, €ys), Ra(y1,€ya,€y3), and Rs(y1,eys,cys) are of order
O(e?) for any point (y1,ys,y3) € Q .

3 Preliminary Estimates

We first write down the Euler-Lagrange equation for F.. Let A. be the
minimum of F. and denote a corresponding minimizer by u®. An eigenvalue
problem is derived in the following form:

‘ . 1 2.

- (81 + TYy30y — TYa03 — i + (1 — ekys) (y2Bs — ysBs + ER)> u
1—c¢r ) 1 1 2
< Y2 82 + Z(l - €I€y2)(§y3Bl - gRQ)) u

1—ek . 1 1 2
( Y2 O3 —i(1 — 5/§y2)(§y231 + ER3)> u

(1 — ekyo)*us in Q (3.1)
The (natural) boundary conditions are

u(0,y2,y3) = u(2m, y2,y3) on D,
alu(oa Y2, y3) = 81U(27T, Y2, 93) on D7

(Y202 + y303)u(y1, y2, y3) = —(y2R2 — ysRs)(y1, €y2,€y3) on [0,27] x 9D,
(3.2)



where D denotes the unit disk {y3 + y2 < 1}, R is defined through (2.16)
and Ry and Rj are defined through (2.11).

Now we derive some crucial estimates concerning a first eigenfunction
satisfying (3.1)-(3.2).

Proposition 3.1. Let u® be a minimizer of F,.. For ¢ small enough, we have
constants Cy, C1, Cs, Cs independent of € such that

Fo(uf) < Gy, (3.3)
[01uf| L2y < Chllu®|| 2y, (3.4)
1020 r2(0) < Cael|u || 2(a), (3.5)
105u%[| r2(0) < Cel|u || L2(q)- (3.6)

Proof. For ¢ is small enough, the bound (3.3) follows immediately by com-

paring the energy of the minimizer to that of a constant function:

Fo(u) < F(1) =

Jo(1 = erys)| = 72— + y3Bs(11,0,0) — 12 B3(y1,0,0) + L R(y1, 1, eys)| dy
Jo (I — erys)dy

fg(l - 55y2)|%y331(3/1, 0,0) — §R2(3/1, €Y2, 5313)‘2 dy

+
fQ(l — eRY9)dy
— 52B1(51,0,0) — LRy (., e[ ) dy
fﬂ(l — eKyz)dy
< Co (3.7)

since ., B1, By, By are bounded.

10



We next establish the bound (3.5) by the triangle inequality:

1 | Oous ||?
N
Jo(1 = ery2) 2050 + i (5y3B1(y1,0,0) — LRy(y1, ey, eys)uc) Qdy
- C< Jo [u2(1 — eryz)dy
Jo | s 01.0.0) = Lol e o))
" Jo [ P(1 — ekya)dy )
Jo [u2(1 — erya)dy

- c (3.8)

Thus we have ||0yuf|| 12(q) < Coe||u]|12(q)- Similarly, we will have ||0suf|[z2(q) <
Csel|u®||L2(q)- Combining these inequalities and the triangle inequality, we
can return to the definition of F;(u®) in (2.19) obtain ||01u®|| 2) < C1||u|| 22(q)-
[l

We now introduce the integral average @ : [0,27] — R of u in order to
compare a function of three variables to a function of one variable. It is

defined by
1

u(y,) := —/ w(y1, Y2, Y3)dyadys.
T J{y3+y2<1}

We then establish the following simple fact.

Proposition 3.2. Let u® be a minimizer of F. and set v° = u® — u®. Then
there exists a constant C' independent of € such that for ¢ small enough

[v°][22(0) < Celluf]| 2o (3.9)

Proof. According to the Poincaré inequality and Proposition 1, we have

2T 1/2
ol = ([ [ 1 = TP
0 D

27’1’ 2 2 1/2
< C( / / (1020 + | Ds°| )dygdygdy1> (3.10)
0 D

S C€||ua||L2(Q).

11



Now we are in a position to improve some of our earlier estimates.

Proposition 3.3. Let u® be a minimizer of F. and as before set v¢ = u® —u°.
Then there exist constants Cy,Cy independent of € such that for € small
enough

1010°] 12(0) < €2(Ch[|uf | 12(0) + Co) (3.11)
1050° [ £2(0) = [1000° | 12(2) < ¥*(Chllu L2 + Co) (3.12)
1950° || 12(2) = [|05u° (| 2() < €2(Cullul| L2 + Co) (3.13)

Note that (3.12) and (3.13) represent an improvement over (3.5) and (3.6).

Proof. First, we rewrite the Euler-Lagrange equation (3.1) in the form

Oy + ya0s — Tyl — LS e (L) p

= gua + ff@lue + ");—232u5 + *);—3831@5 in Q, (314)
where

fg(yhy% y3> = )\6(1 - €Hy2)2
R
+i(01 + TY302 — Ty283)< — B + (1 - 5"13/2)@233 —y3By + ;))

Ro\2
(=Bt (1= 2h) (1Bs — uBa+ 7))
1—

+— L 82((1 - €/ﬁ}y2>(y3Bl —_ &))

2 €
ysB1  Ra\2
_ ]_ _ _ _Z
( 5'fy2) ( 5 5)

1 —erys . B R
—TyQ 283((1 — Eﬁyg)(y22 Ly f))
B R

—(1 - €Iiy2)2(y22 L4 ?3)27

12



Finww) = 2~ 0+ (- cmp)(Bs — B+ 1)) (315)

B R
2i(1 — €/€y2)2(y32 L ?2)

f2s<y17 Y2, 3/3)

R
+2ierys (= B+ (1= ny) (12 By — ys B + =) ) 3.16)
yoB1  R3

> v

R
—2i87y2< — ﬁe + (1 — €liy2)(yng — y3B2 + g))(?)l?)

2i(1 — ery2)*(

f?f(yla Y2, 3/3)

Notice f§, fi, f5, f5 are uniformly bounded in 2.
After integrating the equation (3.14) over the unit disk D, dividing by =
and subtracting it from the equation (3.14) itself, we get

1
— (01 + Ty30, — Ty283)2ug + p / (01 + Ty30, — Ty283)2u5dy2dy3
D

1— 2 1
——( ;HyQ) (02 + 8§u8) + o / (1 — erys)*(02u° + 8§ua)dy2dy3
D

€, € 1 €,,€ € e 1 € €
= (f50 = < [ o) + (fr000° = < [ o dueda)
1 € € 1 € € 1 5 € 1 5 €
"‘g (anQU/ — % /; anQU/ dygdy:;) + g(fg@?,u — % /D f333u dygdyg)
(3.18)

If we multiply the equation (3.18) by ©° (the complex conjugate of v°)
and integrate it over €2, we obtain

_ / ((al 4 TysDy — TyQag)%)wEdy
Q
1 2 € —€
+ (— (01 + Y302 — TY205) 1 dygdyg)v dy
Q D

T

o 2
—/Q<—(1 ery) (8§u€+8§u5)>@5dy

c2

13



1
/ (1 — ery2)*(O5u + 5§u€)dy2dy3)@ady
D

ﬁ

Jous — — / Jou gdyzdyg)v dy

+

_|_
:>\:>\:a\

u®
fiou® — / fiousdys dy3> vedy

1
Y (fs0m — / F5u dyadys ) dy

—i—/Q g(f:f(?gus - %/jjffagusdygdy;;)ﬁsdy. (3.19)
Let us denote the last equation as

I+ 1T+ 1T =1IV+V+VI+VII+VIII.

We first estimate the term V, VI, VII and VIIIL. Since fj, f, f5, f5 are uni-
formly bounded on 2, we find that

ou _—/ fou Ed?hdy:s) dy
2

< € € _ £

< (el 5) [ (14 [ 1)

< 2(max|f57) [ (WP + 7 [ o Py ) dy

N o Y Q ™ Jp

_ €2 €2

= 4(maxf5P) [ pu Py (3.20)
Thus,

Vi=| [ (s =5 [ siocdma)ovay]

1 €, € £
1 [ el o 7
< 2(max |fg]) [l 2@ 10|20 (3.21)

14



Through a similar computation, we also obtain

VI| < 2(m3X|ff|) 010 L2 |° || 202y (3.22)
2
VI < = (max | f5]) 1020° z@ylle 2o (3.23)
and
2
|\VIII| < g(mgx|f§|) 1050 L2y |0 || 22 (3.24)

Turning to the integrals I, II, IIT and IV, the Divergence Theorem implies
that

/ (61 + Ty382 — Tygag)QUEddeyg =

D

/ 8fu5 + 2(7’3/382 — Ty283)81u8 + (817') (ygag — ygﬁg)us + (7'3/332 — Ty283)2u6dy2dy3 =
D

/ s dyadys = 812/ usdyodys = 01u°. (3.25)
D D

Thus,

1

(81 -+ Ty332 — Tyzag)zus — ; / ((91 + 7'3/382 — Ty283>2u6dy2dy3
D

= (0y + TY305 — TY205) 0", (3.26)

Hence, integrating by parts both with respect to y; and with respect to s
and ys, and using the periodicity in y; (cf. (3.2)), we find

I+11
= —/ ((81 + Ty382 — Tygag)QUE)Uady
Q

= / (1 + Ty30, — Ty283)vs|2dy- (3.27)
Q

Next, we integrate by parts over the cross section D, and again use the
boundary condition (3.2) to obtain

1V =
1
——= </ (1 — erya)(y20ou® + y305u”)ds + | (0a(1 — ko) )82u€dy2dy3) v dy
e Jo \Jop D
1 1-— 2 2(1 —
= —/ (/ %(yﬂ%g y3R3)dS+/ ( 5/-@3/2) ——— 0" ddey3>U dy.
m™Jo \Jop € D

15



Since (1—ekys)?(y2 R5—y3RS) is of order O(g?) on OD, we can use Proposition
3.1 to obtain

C
V] < Cullv®|lp2@) + ?2||32U5||L2(Q)||U6||L2(Q)
< Cil]v|| i) + Collu®|| 2@ l[v° ] L2 (3.28)

Similarly, we use integration by parts over the whole cylinder €2 and apply
the boundary conditions to find that

1 L
HE = _E/ / (1 — ery2)? (Y202 + y305u )T ds dy,
0o Jop
1
+5_2/ (32((1 — 5/<6y2)26€)82u€ + 83((1 _ 5/‘6y2)255)83u5>dy
Q
L 1 — ekys)? 9
= _/ / %(?/233 — y3RS)V° ds dy; — —/(1 — kYK O’ Tody
o Jop 5 =/,

1
+

= Q(1 — eky2)? (Do DV° + D5u”050%) dy. (3.29)

Applying the Trace Theorem (cf. [7]) on the cross-section D, we can estimate
the first term of (3.29) as follows on the right-hand side of

L 1 — ekyp)? _
‘ / / (6—22)(9233 — y3R3)v°ds dy,
o Jop

< C’(/OL /8D |v°|*ds dyl)l/Q
C(/(;L /BD‘UEPde%)lm

t 1/2
< C(/O /j; (‘U‘E’Z + |82/U€’2 + ‘831)5‘2) dy2 dyg dyl) . (330)

Regarding the second to last term in (3.29) the uniform boundedness of
(1 — ekys)k and the result of Proposition 3.1 yield

2
‘—/(1 —5/<ay2)f£82u565dy‘
€Ja

< Z 10wl 2oy llv*ll 2@

< Cllu]| 2@ 1v° || 22 (02)- (3.31)

16



Turning to the last term in (3.29), and noting that d,v® = Ou® and O3v° =
Osu®, we obtain
1

= Q(1 — 5/£y2)2(82u€82@€ + 83u€836€)dy

1
= 5 | (1= ery)’ (10207 + | 950" dy (3.32)
Q

Combining Proposition 3.1 and (3.21)-(3.24),(3.27),(3.28)-(3.32), we then

conclude that
/ (}(31 + Ty305 — TY203)V | + |82UE|2 |831)6|2)dy <
Q

C (w2l 2oy + Hveum 1050 ey + 1050° l12y)-
(3.33)

As a consequence of (3.10) and (3.33), we have
€2 €12 1/2 3/2 €
Q

From (3.33), (3.34) and Proposition 3.2, we also have

/ |(91U€| dy

= / |(81 +7ys0h + TyzaS)U&‘zdy + / ‘(Ty3(92 - 79283)Ua|2dy>
@ Q
< C<||u€||L2(Q)||U5||L2(Q) 1ol + 11090° | r2gey + ||a3va||L2(Q)>
= E(OlquHP(Q) + 02). (3.35)
This completes the proof of Proposition 3.3. 0

4 Main Results

We begin with a compactness result for minimizers of the functionals F.
Note that throughout this section, we will identify functions u in H*((0, L))
with elements of H'(Q) by setting u(yi, y2,v3) = u(y1). Here H.((0,L))
refers to periodic functions in H'((0, L)).
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Proposition 4.1. Let {e;} be any sequence such that {f,} given by (2.13)

™

converges to a limit By € [—T, 7| and let u* denote a minimizer of I, nor-

malized so that |[u®|| 2 = 1. Then passing to a subsequence, still denoted
by {e;}, one has

u = g weakly in H'(Q),
= g strongly in L1(Q),1 < g <6 (4.2)

—
-
—

u

for some function ug = uo(y;) in H..((0,L)).

per

Proof. Proposition 3.1 implies that the sequence {uf} is uniformly bounded

in H'(Q). By weak compactness and the Rellich-Kondrachov compactness

theorem, there exists ug € H'(2) such that a subsequence {u%} converges
weakly to ug in H'(Q), and strongly to ug in LI(Q) for 1 < ¢ < 6.

By Proposition 3.1 and weak lower-semicontinuity, we know [|0xug||2(q) =

[|Osuo]| L2(q) = 0. This implies ug is a function of y; only. O

Next we identify a limiting energy minimized by wug. To this end, for each
€ R, we define a new functional G : H},.((0, L)) — R by

o 19ru—iBuf + gly:)|ul*dy,
foL |u|?dy,

Gp(u) (4.3)

where

o(01) = ¢ (Bl 0,00 + 1 (Bolyn, 0.0 + 1(Bo(yr, 0,0, (44)

Theorem 4.2. The function vy provided by Proposition 4 minimizes Gg,.
Moreover,
lim igf F.(u¥) = G, (uo). (4.5)
Ej—

Proof. The proof hinges on showing that
lim il(r)lf F. (u™) > Ggy(uo) (4.6)

when (., — . Then it will follow from the minimizing property of {u°}
that for any v € H'((0, L)) we have

Gy (uo) < lim igf P (u¥) <lim iglf F,(v) = Ggy(v) (4.7)

18



so that the function wug is indeed a minimizer of Gg,. Of course, from this we
will also conclude that liminf,, o F, (u®) = Gg,(uo).
Turning to the proof of claim (4.6), we decompose I, as follows :

F,(u) =
fg(l — EjRY2 ‘1 ———— (81 + TY305 — Tyzag)u i +iQ7 UE]| Y

fQ(l — €KY |u51'| dy
fQ(l — qmyﬁ‘%_@uej + Q5 uss |2dy

fQ(l — 5j/iy2)}u€j}2dy
Jo(1— gjﬁyz)‘gijawaj — QT us }Qdy
Jo(1 = ejmys) |usi|*dy -
Jo %}&u@ |2 + (1 —gk12)|QF ﬂufj ‘2 +iQ7 (7w us — dusT)dy

o — <ol
Jo 77 | (70 — Tyos)us | dy
Jo(1— 5j/<y2)|u€j|2dy
Ja m (81u5f (Tys02 — TY203) U + O™ (Ty302 — Tygﬁg)u€f>dy
Jo(1— Ejﬁyg)‘ufj ‘Qdy -
[ 1QY (uai (Tys02 — Ty203) W7 — T (Ty302 — Tygag)uaf> dy
Jo (1 — k1) |u51|2dy i
Jo (1 —€jK12) (8 2| Oousi |2 4+ | Q5 12|usi |* + z (8 uut — 82u53ueﬂ)>dy
Tl S Py i
Jol1 = e51) (2050 |+ |QF s ? — 1% Dy o) ) dy
Jo(L = &jrys)|usi [2dy
(4.8)

19



where

1 1
Q1(Y1, 92, y3) = Hﬁs +y2Bs — ys By + ER(‘%’ €2, €Y3)
1
Q3(y1,y2,y3) = §y331 - ERZ(yla 12, €Y3)
1 1
Q5(y1,y2,y3) = §y231 + 533(%, €Y2,EY3). (4.9)

We will analyze each term separately, but first we observe that

QY (y1,y2,y3) — —Bo+ y2Bs(y1,0,0) — y3Ba(y1,0,0) (4.10)
Q5 (1, y2,y3) — %Bl(yla 0,0) (4.11)
QF ) — 2 Bi(y1,0,0) (4.12)

2

uniformly on € as ¢; tends to 0. Now, one uses (4.2) to calculate the limit
of the denominator of (4.8):

lim |uaf| (1 —ejrys)dy —/ |u0| dy = 7T/ |u0| dy;. (4.13)
Q

Jj—o0

Next we analyze each term of the numerator. Because of (4.1) and lower
semi-continuity of the H'-norm, we have

1
lim inf / oy > / Doy = m / Oy, (4.14)

j—o0 1 —¢jry

From (4.2) and (4.10) and the symmetry of the cross-section of Q (which we
have taken to be a disc), we have that

lim [ (1 —e;ry2)| QY P u™ [dy

Jj—00
= / ‘ — Bo + y2B3(y1,0,0) — ygB2(y1,0,0)}2|uO!2dy
Q
t 1 2 1 2 2
=7 (ﬁo + 132(,@1,070) + ZB:&(yl,O,O) )’UO\ dyy  (4.15)
0
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In light of (4.1), (4.2) and (4.10), we have that

lim [ QY (6@51 us — Ou ﬂgf) dy

Jj—0o0 Q

= / ( — Bo + y2B3(y1,0,0) — y3Bs(y1, 0, 0)) (alﬂo ug — Orug ﬂo) dy
Q

L
= W/ — B0 (01g uo — Druo o) dyy - (4.16)
0

Then by (3.12) and (3.13), we get
1

lim —| (Ty382 — Ty283)uaj |2dy < lim C’(|| Ooui |12 + || @gu‘gi”z)
i=oo Jo 1 —gjkys J—o0
< lim Cg* = 0. (4.17)
j—o0
Similarly, we find that
1 — e,
/ S gt P dy < Cey— 0 (4.18)
Q &
1—¢c.
/ #| Oyusi 2 dy < Cej — 0. (4.19)
Q J

Next, we use (3.4), (3.12) and (3.13) to calculate

lim ‘ / . (81u5j (Ty382 — Tygag)ﬂsf + Oyu” (Tyg('?g — Ty283)u51>dy‘
Jj—o0 Q 1— EjRY2
< jlij)loc | 016 || 120y ([| D2u || 20) + || D30 || 120

= lim C¢;*? = 0. (4.20)

J—00

The third to last line of (4.8) likewise disappears in the limit since

J—00

lim ’ / iQ7 (usj (Tygaz — Tyzag)ﬂgj — (Ty352 = T?/233)u€j)dy‘
Q
< lim Cju”|z2@) (1026 |2 () + 1050 [| 12(s))
= lim C¢;** = 0. (4.21)

J—0o0
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As the consequence of (4.2) and (4.11), we see that
tim [ Q3 Pl Py

/|y3Bl yl,() 0 ‘ |U0‘ dy

™
=16 . Bf|u0\2dy1. (4.22)

Then by (3.12) and (4.11) we obtain that

C
’ Q5 (Dpuu™ — 0 ugﬁuef)dy‘ < — || Ou || 2o || w7 || 220y < C5M* — 0
Q &j &j
(4.23)
and similarly '
lim 2 (O5uiu — Dzusu)dy = 0. (4.24)
)7 Jo &5
Finally, we have from (4.12) that
L
hrn / | Q3 |?| w7 Pdy = 16 Bl(yl, 0,0)?] uo|? dy . (4.25)
Applying (4.13)-(4.25) to (4.8), we conclude that
lim i 1an (u) > G, (ug).
This completes the proof of Theorem 4.2. O

Invoking some techniques from the proof of Theorem 4.2, we can now
improve the compactness result from Proposition 4.1.

Theorem 4.3. Suppose {3:,} given by (2.13) converges to a limit 3y €

[_n m

5.5l as g5 — 0. Let u® denote a minimizer of F. with ||u®|2@q) = 1.
Then passing to a subsequence, still denoted by {c;}, one has

u —  wug strongly in H*(Q) (4.26)

where the function ug = ug(y;) minimizes Gg, in H', ((0,L)).

per
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Proof. By (4.5), we can pass to a further subsequence, still denoted by u®,
such that
lim ., (1) = G (o).
Then in light of the convergence established in (4.13)-(4.25), the inequal-
ity in (4.14) must be an equality. Hence

lim, || 0y | 120 = || ol (4.27)
€j—
We also know

6l'iHlO H 82u€j HLQ(Q) = O = ” aQUOHLQ(Q)

]—>
and

z—:hInO || ﬁgu‘fj ||L2(Q) = 0 = || 63U0||L2(Q).

J*)

Therefore, by (4.2), we obtain

hm H usj HHI(Q) = H uOHHl(Q) .

6]'—>0

Combining this fact with the weak convergence already established in (4.1),
we conclude that {u%} converges to ugy strongly in H'(Q). Of course, by
Theorem 4.2 we already established that w, minimizes Gg,. [

The following theorem shows the minimum of the limiting Rayleigh quo-
tient G5, characterizes the asymptotic behavior of the minimum of the Rayleigh
quotient F. as ¢ — 0 by analyzing the difference between the first eigenvalues.

Theorem 4.4. Let A\. be the minimum of F. and let p. be the minimum of
Gga.. Then
lin%()\6 — ) =0 (4.28)

Proof. First, we will show that

limsup (A\; — p.) < 0. (4.29)

e—0

Next, we show that for any sequence {e;} — 0 there exists a subsequence
{ej.} such that
liminf (A;, — pe;, ) 2 0. (4.30)

k—o00 7
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This will imply that
lim (A, — pe;, ) = 0.

e—0

Since the limit is independent of the sequence {¢;} we choose, we will con-
clude that

lirr(l)()\e — pe) = 0.

E—>

To establish (4.29), suppose {u®} are minimizers of {F.} and {v°} are
minimizers of {Gg.}. Then we calculate

Ae = pte = Fe(u) — G=(v7)

< F(07) = GL(v%) =

Jo @}811)5 +i(1 — Eliyg)QiUEde
Jo [0 P(1 — erys)dy

Jo(1 = ery) (|Q5v7 " + |Q5v°[ ) dy
Jo [0 P(1 = erys)dy

Jo " 101v" = iBv" P + glyy)|vf [*dy1

_ 4.31
Jo o5 [2dy, (4.31)

Taking the limsup as e — 0 and applying the estimates analogous to (4.15),
(4.16), (4.22) and (4.25) for the proof of Theorem 4.2, we obtain (4.29).

To establish claim (4.30), we invoke Proposition 4.1 to obtain a subse-

quence {e;, }, a real number §y € [-T, 7], and a function uy € H}.((0, L))

satisfying (4.1) and (4.2). From (4.5), we obtain that

+

liminf (Ae; —pe;, ) = hm mf U GBEV (v°))

k—o0

k—o0

= Gigy(uo) = limsup Gig,, (o)

k—oo

(£,

= Gﬁo( 0)—11msqu6 (vejk)
)
) — Gy (uo)

= Gﬁo( 0
= 0.

]

We state the asymptotic relationship between the first eigenspace of the
functionals F, and G, in the following theorem.
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Theorem 4.5. Let ¢; — 0 be any sequence such that

_% < liminf ., < limsup ., < % (4.32)
and let u® be a minimizer of F., in H'(Q) with ||u% |2 = 1. Then there
exists a sequence {v7} minimizing {Gp, } in H] . ((0, L)) with ||v% || 2y = 1
such that

v —u — 0 strongly in H'(Q). (4.33)

Proof. By Theorem 4.3 and (4.32), we know there exists a subsequence
B, — Bo € (=%, F) and a minimizer ug € H).((0, L)) of G, with |Jug||z2() =
1 such that {u®*} converges to ug strongly in H'(2). We claim that after

perhaps passing to a further subsequence, still denoted by {¢;, }, one has:

There exists a sequence of minimizers {v**} C H}_.((0, L)) of Gs.,

such that v¥x — wug  strongly in H*(Q). (4.34)

To prove claim (4.34), first note that the existence of the minimizer of Gy
is given by a standard application of the direct method in the calculus of
variations. Note also that there is an intrinsic degeneracy to the problem
related to rotation invariance. That is, if ug is a first eigenfunction of the
Rayleigh quotient G, then e®ug is also a first eigenfunction for any 6 €
[0,27). We address this degeneracy by letting v% be a minimizer of G,
with [[v%9]| f2(q) = 1 such that

||U€j — UO”LZ((O,L)) = Ger{(l)igr) ||@wv€j — U0||L2((O,L)) . (435)
The minimizing property of v/ and the condition ||v%/ || 2(q) = 1 yield a uni-
form H'((0,L)) bound. By weak compactness and the Rellich-Kondrachov

theorem, there exists a subsequence still denoted by {ﬁgjk} and a function
vo € H!..((0,L)) such that

per

vk — vy weakly in H'((0,L)), (4.36)
v — 1y strongly in L*((0,L)). (4.37)

Because of (4.36), (4.37) and the minimizing property of {v%/x}, we obtain

Gp,(v9) < lilgn inf Ggajk(vsjk) < lilgn inf Gﬁajk@) = Gg,(v) (4.38)
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for any v € H..((0,L)). This leads us to conclude that vy minimizes Gpg,
and lim infy o Gg, (v59r) = Gpg,(vp). Passing to a further subsequence, still
denoted by {v%t}, we obtain limy_ . Ggejk(vejk) = Gp,(vg). Therefore, we
obtain limy_. ||01v%¥ || 12(q) = ||O1v0]| L2(q)- Since {vk} converges weakly to
vo in H!, ((0,L)) and

per

Jim (0% [ o, = lvollo.n) (4.39)

we obtain that {v%+} converges strongly to vy in H]}((0,L)). By Theorem
XIIL.89 in [19], we know the first eigenvalue of G is simple for 3 € (=%, 7).
By (4.35) and the simplicity of the eigenspace of Gg,, vgp must equal ug. This
completes the verification of (4.34).

Since every subsequence of {f, } satisfying (4.32) possesses a further sub-

sequence {3, } such that
vk — ¥t — 0 strongly in H'(Q), (4.40)
we can conclude that (4.33) holds. O

Remark 4.6. The Euler-Lagrange equation associated with critical points
of the Rayleigh quotient Gz takes the form of Hill’s equation and has been
studied extensively. From the general theory of the Hill’s equation (see [6]),
the first eigenvalue is also simple for 3 = £7 if the function g given by (4.4)

is ' and the condition fOL 62%89(3) ds # 0 is satisfied. In this case, we can
also conclude (4.33) as ¢ — 0 without any exception.

Remark 4.7. As explained in the introduction, the minimum value of the
Rayleigh quotient is proportional to the difference between the critical tem-
perature below which a material first exhibits superconducivity in the ab-
sence of any applied field and the critical temperature in the presence of an
applied field. The problem of finding the critical temperature in the case
of a thin superconducting ring subjected to an order O(1) applied field has
been particularly well-studied (see e.g. [21]), especially in the situation where
the field is constant and directed orthogonally to the plane of the ring . In
this case, the problem reduces to minimizing the functional G (cf. (4.3))
with ¢ = 0 and ( given by (2.13) with e = 1. This is a simple eigenvalue
problem that can be solved explicitly to reveal an oscillatory dependence of
the critical temperature on the applied field known as the Little-Parks effect,
[15]. (See e.g. [12] for a simple mathematical treatment.) What the results

26



developed formally in [20] and rigorously here reveal in this context is that
the effect of a constant O(1/¢) applied field = (0,0, Bs/¢) is to raise the first

eigenvalue-thus, lowering the critical temperature, by the value BT§ (modulo
a factor depending on material parameters coming from (1.1)). Of course, in
the case of a non-constant applied field, the form of G still reveals an up-
ward shift in the first eigenvalue but this time the appearance of the positive
but no longer constant potential g generally precludes an explicit solution of

the problem.

Acknowledgments. P.S. would like to thank Jacob Rubinstein for bringing
this problem to his attention.
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